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Simple Stresses 

Simple stresses are expressed as the ratio of the applied force divided by the resisting 
area or 


ct = Force / Area. 

It is the expression of force per unit area to structural members that are subjected to 
external forces and/or induced forces. Stress is the lead to accurately describe and 
predict the elastic deformation of a body. 

Simple stress can be classified as normal stress, shear stress, and bearing stress. 
Normal stress develops when a force is applied perpendicular to the cross-sectional 
area of the material. If the force is going to pull the material, the stress is said to be 
tensile stress and compressive stress develops when the material is being 
compressed by two opposing forces. Shear stress is developed if the applied force is 
parallel to the resisting area. Example is the bolt that holds the tension rod in its 
anchor. Another condition of shearing is when we twist a bar along its longitudinal axis. 
This type of shearing is called torsion and covered in Chapter 3. Another type of simple 
stress is the bearing stress, it is the contact pressure between two bodies. 

Suspension bridges are good example of structures that carry these stresses. The 
weight of the vehicle is carried by the bridge deck and passes the force to the stringers 
(vertical cables), which in turn, supported by the main suspension cables. The 
suspension cables then transferred the force into bridge towers. 
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Normal Stress 


Stress 

Stress is the expression of force applied to a unit area of surface. It is measured in psi 
(English unit) or in MPa (SI unit). Another unit of stress vvhich is not commonly used is 
the dynes (cgs unit). Stress is the ratio of force over area. 

stress = force / area 

Simple Stresses 

There are three types of simple stress namely; normal stress, shearing stress, and 
bearing stress. 

Normal Stress 

The resisting area is perpendicular to the applied force, thus normal. There are two 
types of normal stresses; tensile stress and compressive stress. Tensile stress applied 
to bar tends the bar to elongate while compressive stress tend to shorten the bar. 

P 

<T = — 

A 

where P is the applied normal load in Newton and A is the area in mm 2 . The maximum 
stress in tension or compression occurs over a section normal to the load. 

p p 



SOLVED PROBLEMS IN NORMAL STRESS 
Problem 104 

A hollow steel tube with an inside diameter of 100 
mm must carry a tensile load of 400 kN. Determine 
the outside diameter of the tube if the stress is limited 
to 120 MN/m 2 . 
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Solution 104 


F = aA 
where: 


F = 400 kN = 40DÛ00 N 
u = 120 MPa 
A = |icD2 - |n(10 02) 

= ^7r(D* - 10 000) 



100 D 


l P = 


= 4DÛ kN 


thllB, 


400 000 = 120[|n(D 2 - 10 000)] 

400 000 = 30?iD- - 300 OOOjt 
_ 400 O0O-3O0O0O?i: 

30tÊ 

D = 119.35 imm 

Problem 105 

A homogeneous 800 kg bar AB is supported at either 
end by a cable as shovvn in Fig. P-105. Calculate the 
smallest area of each cable if the stress is not to exceed 
90 MPa in bronze and 120 MPa in steel. 

Figure P-105 



Solution 105 


By aymmetry: 

K = P*t= 1P84S) 


= 3924 N 



For bronze cable: 

Pïrr = CTjr At 

3924 = 9QAir 
A±r = 43.6 nmv 


For :;teel cable: 


W = BQQ kg = 7B4B N 


Fsi = 

3924 = 120Açí 
Az t = 32.7 mm 2 
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Problem 106 

The homogeneous bar shown in Fig. P-106 is 
supported by a smooth pin at C and a cable that runs 
from A to B around the smooth peg at D. Find the 
stress in the cable if its diameter is 0.6 inch and the 
bar weighs 6000 Ib. 



Solution 106 

ZMc=0 



Problem 107 

A rod is composed of an aluminum section rigidly 
attached between steel and bronze sections, as shown 
in Fig. P-107. Axial loads are applied at the positions 
indicated. If P = 3000 Ib and the cross sectional area 
of the rod is 0.5 in 2 , determine the stress in each 
section. 



Figure P-107 


Solution 107 



For sleel: 

Cxí A f .t = .Pfi- 
(0.5) = 12 
Cjí = 2í ksi 

For alumtnum: 
^jì' — P.ií 


C Tû! (0.5) = 12 
Cd = 2-1 ksi 

For bronze: 

-Abr = Ptr 

Vn (0.5) =9 

■crpr = 18 ksi 
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Problem 108 

An aluminum rod is rigidly attached between a steel rod and a bronze rod as shown in 
Fig. P-108. Axial loads are applied at the positions indicated. Find the maximum value of 
P that will not exceed a stress in steel of 140 MPa, in aluminum of 90 MPa, or in bronze 
of 100 MPa. 


Figure P-108 

Aluminun 



A = 

i Steel 

jA = 500 mm 2 

= 400 mn a 

\ 

B'onze 

A = 200 'nm 2 

î 


t 4P 


P 

2P 


2. 5 m 

2.0 m 

^ 1.5 m 



Solution 108 


For bronze: 
Afe. = 2F 
100(200) = 2F 
F = 10 000 N 


For altmiintm’L: 
VjAi = P 
90{400) = F 
F = 36 000 N 
For Steel: 
c'jí = 5F 
F = 14 000 N 



Neq-ative- (-) means conpress'on 


For safe F s tise F = 10 000 N = 10 kN 


Problem 109 

Determine the largest weight W that can be supported by two wires shown in Fig. P- 
109. The stress in either wire is not to exceed 30 ksi. The cross-sectional areas of wires 
AB and AC are 0.4 in 2 and 0.5 in 2 , respectively. 
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Solution 109 


For wire AF: 

By sinue law (fron the foiice po vgon]: 


l AÏÏ 


W 


sin 4CF sin S0° 
T aI > = Q.ó527W 

= 0..65271-V 
30(0.4) = 0.6527H- 
W= 1S.4 Idps 


Tm 





For wii’e AC\ 

Tac _ W 

sin 60° sin S0° 
T a€ =0.S794W 


Tac ~ cadtÌac 
O.S794H' r = 30(0.5) 
W= 17.1 kips 


Safe load W= 17.1 kips 



Problem 110 

A 12-inches square steel bearing plate lies betvveen an 8-inches diameter 
vvooden post and a concrete footing as shovvn in Fig. P-110. Determine 
the maximum value of the load P if the stress in wood is limited to 1800 
psi and that in concrete to 650 psi. 



Fîgure P-110 


Solutîon 110 

For wood: 

F U ! Or, t-A^- 

= lSOO[l7r(3 2 )] 

= 90 477.9 Ib 

From PBD of Wood: 
F=F ai =90477.9 Ib 


FBD of Wood 



For concrete: 

F r = aA 
= 650(122) 

= 9360016 

From FED of Concrete: 
F = Fc = 93 600 Ib 

Safe load P = 90 478 lb 


FBD of Concrele 


P 


I 
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Problem 111 

For the truss shovvn in Fig. P-lll, calculate the stresses in members CE, DE, and DF. 
The crosssectional area of each member is 1.8 in 2 . Indicate tension (T) or compression 
(C). 



Solution 111 


D 



From tl’ie FBD of due trtiss: 
TMa = 0 
24Rrí = ltì{30) 

Rf = 20^ 

Àt joint F: 

ZF V = 0 
-| DF = 20 
DF = S3^(Q 


D 

i v 

DE 

Hoinl D 


LU 

L DE = 40 k 

^ "7 



EF 


f 30' 


CE 


At joint D: fby synimetry) 
BD = DF = 33lfc (Q 

IFv = 0 

DE = ÌBD+ |DF 

Ji 5 

= }( 33 ì)+f( 33 ì) 

= 40 ^( 1 ) 

At joint E: 

IFv=0 
fCE + 30 = 40 
CE =16 (7) 


Joìnl E 


Stiesses: 

Stiess = Foroe/Area 

oce = = 9.26 ksi (I) 

1.8 


DF 



Joinl F 


o D£ = — = 22.22 ksi (T) 
1.8 

33 1 

odï = — — = 18.52 ksi (Q 
1.8 
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Problem 112 


Determine the crosssectional areas of members AG, BC, and CE for the truss shovvn 
Fig. P-112 above. The stresses are not to exceed 20 ksi in tension and 14 ksi in 
compression. A reduced stress in compression is specified to reduce the danger of 
buckling. 



TJv = 0 
Rav = 40 + 25 
= 65 ^ 

ZM4 = 0 

1S R d = S{25) + 4(40) 

R d = 20 fc 

/=0 

= Rn = 20 k 

Oieck: 

ZMb=0 

12R^=1S(R AII } + 4(25) + 8(40) 
12(65) = 1S(20) + 4(25) + 8(40} 
7S0 ft kip = 7S0 ftkip (OK!) 


Solution 112 
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AB 



For member AG: 

Àtjoint A: 

YJv = 0 

-^AE = 65 
7TX 

AB=^- 

n 

O 

= 78.T2 k 

Tlit=0 
AG + 20 = 

AG = ^ (73.12) - 20 
= 20.33 L Tension 

^ Lt — ^lnEHlan^AG 

20.33 = 20 Àà-G 

. = i.i 7 iii- 



Secïion through HN 



For meniber BC: 

Ât section tlìi'ough xVliV 
TMf = 0 

6(^50 = 12 ( 20 ) 

BC = 20 -v/Ï 3 

= 72.11 k Compression 

E •<- — ^lm na pre sslfHi A jjt 

7Z11 = 14 Abc 
Awc = 5.15 iiì 2 

For mombei - CE: 

At joínt D: 

ZFj,= 0 
-^CD = 20 

CD = 10 JÏ3 
= 36 . 0 Í* 


iLJ-V = V 


DE = -=L CD 
■fïî 


-D7- 
= 30 k 


(36.06) 


+ DE = 3Q k 
E 

EF 

Jaint E 



At joint E: 

TF V = 0 

-4-EF = 30 
M 

EF = 10^13 = 36.06^ 

LFj;=0 

CE = -=EF 
^TT 

= ^( 36 . 06 ) 

= 20 : Ccmpressicm 


Lr CJcfflmpcoîHlûn-ílí :■ 

20 = 14 Aaze 


A ». = 1.43 iii 2 
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Problem 113 


Find the stresses in members BC, BD, and CF for the truss shovvn in Fig. P-113. Indicate 
the tension or compression. The cross sectional area of each member is 1600 mm 2 . 


B 



Solution 113 


B 



B 



For memliei- FD: (See FBD 01) 

TMc = 0 
3( j BD) = 3(60) 

BD = 75 kM Tension 

BD — cjsd A 

75 (1000) = asD (1600) 

crr] D = 46.875 MPa (Tensian) 

For member CP: (£ee FBD 01) 

TMd = 0 

4(^CF) = 4(90} +7(60) 
CF=195-JÏ 

= 275.77 fcl\" Compression 
CF = ocp A 

275.77 (1000) = Ocf{1600) 

ocf = 172.357 îvIPa (CompressiQn) 

For member BC: (See FBD 02} 

SMp = 0 

4BC = 7(60) 

BC = 105 fcM Compresaion 
FC = A 

105 (1000) =0^(1600) 

cfbc = 65.625 MPa (Compresai on) 


Problem 114 

The homogeneous bar ABCD shovvn in Fig. P-114 is supported by a cable that runs from 
A to B around the smooth peg at E, a vertical cable at C, and a smooth inclined surface 
at D. Determine the mass of the heaviest bar that can be supported if the stress in each 
cable is limited to 100 MPa. The area of the cable AB is 250 mm 2 and that of the cable 
at C is 300 mm 2 . 
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Solution 114 



w 


Yln=0 

T AH COS 30° = J?r:. SÌTl 50° 

r d = i.i30sr M 
Sï> = 0 

J 4 | sin 30 3 - Tib + Tc + Rd cos 50 d = W 
T>lb sin 3F - T 4B + T c + (1.1305T 4 fl) cos 50 3 = W 
2.7267T a b + T c = W 
T c = W- Z2267T 4 b 

SMb=0 

6(T ab sin 30 D ) + 4T aE + 2T i: = 3W 
7T AS + 2(W- Z2267T A b) = 3W 
2.5466T as =W 
T aS = 0.3^27H 7 


T c = W- Z2267T 4 b 

= W-2.2267(0.3927W) 
= 0.1256TV 

Based on cable AB: 

T a b = UaiíAab 
03927 W= 100(250) 

W= 63 661.B3 N 


Based on cable at C: 

Tsl = otAc 

0.1 256 W= 100(300) 

W= 23BS53.50N 

Gafe weiglit W= 63 669.92 N 
W= mg 

63 669 92 = m (9.S1) 
ffî = 6 490 kg 
= 6.49 Mg 
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Shearing Stress 

Forces parallel to the area resisting the force cause shearing stress. It differs to tensile 
and compressive stresses, vvhich are caused by forces perpendicular to the area on 
vvhich they act. Shearing stress is also known as tangential stress. 


T = 


v_ 

Â 


where V is the resultant shearing force which passes which passes through the centroid 
of the area A being sheared. 



S'"de Shear 



Do-ble Shear 

SOLVED PROBLEMS IN SHEARING STRESS 


Problem 115 

What force is required to punch a 20-mm-diameter hole in a plate that is 25 mm thick? 
The shear strength is 350 MN/m 2 . 


Solution 115 



Tlie resÌDting area is the sliaded area 
along the perimeter and the sliear force 
V is equal to tlie ptinthing fcrrce F. 


V= xA 

P = 350 [71(20) (25)] 
= 549 77E.7 N 
= 349 .8 kS 
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Problem 116 

As in Fig. 1-llc, a hole is to be punched out of a plate having a shearing strength of 40 
ksi. The compressive stress in the punch is limited to 50 ksi. (a) Compute the maximum 
thickness of plate in which a hole 2.5 inches in diameter can be punched. (b) If the 
plate is 0.25 inch thick, determine the diameter of the smallest hole that can be 
punched. 


Solution 116 


1 ' 



Figure 1-llc 


(a) Maxmium thiclíness of piate: 

Based on punchei' stcength: 

P = vA 
= 5 

= 7S.125ïI kips -> Equivalent shear to-ce dF the plate 
Based on shear Dtrength of plate: 

V = t A -> v = P 

7S.125ti = 40[tt(2.5í)] 
t = 0.7S1 indi 


(b) Diameter of snriallest hole: 

Based on compceDsion of pttncher: 

P = o A 
= 50(| Tid 1 ) 

= lìSmF -> Equivalent shear force fur plate 


Based on slìeanng of plate: 
V = t A -> v = P 

12_5ïrá- = 40[iri(0.25)] 
d = O.S in 


Problem 117 

Find the smallest diameter bolt that can be used in the clevis shown in Fig. 1-llb if P = 
400 kN. The shearing strength of the bolt is 300 MPa. 


Solution 117 



The bolt is subject to double ::hear. 
V = t A 

400(1000} = 300 [2(|n^)] 
d = 29.13 mm 


Problem 118 

A 200-mm-diameter pulley is prevented from rotating relative to 60-mm-diameter shaft 
by a 70-mm-long key, as shown in Fig. P-118. If a torque T = 2.2 kN-m is applied to the 
shaft, determine the width b if the 
allowable shearing stress in the key is 60 MPa. 
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Fiigure P-ÌI8 



Solution 118 



for siiear 

rOU oFPin 


T = 0.03 F 
2.2 = 0.03 P 
F = 73.33 kN 

V= rA 

Wheie: V = F = 7333 kN 

A = 7Qb; r = SÍ>MP3 

73.33(1000) = 60(702?) 
b = 17.46 nim 



Problem 119 

Compute the shearing stress in the pin at B for the member supported as 
shown in Fig. P-119. The pin diameter is 20 mm. 



Solution 119 


From the FBD: 

TMc = 0 

0.25Rav = 0-25(40 sin 35°) 



Vb - 'IhA -> double shear 

59.076 (I0O0) = rs f2[J: jr(20 2 )]) 
t d = 94.02 MPa 
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Problem 120 


The members of the structure in Fig. P-120 weigh 200 Ib/ft. Determine the smallest 
diameter pin that can be used at A if the shearing stress is limited to 5000 psi. Assume 
single shear. 



Solution 120 


For member AB: 
Lenath, Lu = V^+4 2 


= 5.óú ft 

Weigl’Lt. W AB = 5.tìó(20O) 
= 113211. 



TMa = 0 

4Rj,? r + 4Rriv = 2 TVab 
4Rji?r ~ 4R.nv = 2(1132) 

Riïit + Rbv ~ 56tì — > (1) 

For membei' BC: 

Lengtl\ L&2 = m J^~ ~ 5“ 

= 6.71 ft 

Weight, Hfc = 6.71(200) 

= 1-342 Ib 



TMc = 0 

6Rn? r = 1 . SIVdi.: - 3Rav 
6R._n ? f — 3Lr,v = 1.5(13423 
2Rj)?r - Rsv = 671 — > (2) 

Add equations (1) and (2) 
R.ji?j - Rbv = 5tì6 — > (1) 

2R.n? r ~ Rìïv = 671 — > (2) 

3 Rm =1237 

R m = 412.33 lb 

Frorn equation (1): 

412.33 + Rbv = 5tì6 
R B v= 153.67 lb 

Frorn the FBD of member AB 
TIn = 0 

Ran = Rjî?j = 412.33 fb 


ZFv = 0 
Rav + R^v = 

R A v+ 153.67 = 1132 
Rav = 975.33 lb 
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- -&-AV 1 

= t/ 412.33 2 + 97S.33 2 
= 10Úl.Ó7íb -+ shpBar fcrae oí pin at A 

V = T A 

1061.67 = 5000(|ríF) 
íí = '0:520 in 

Problem 121 

Referring to Fig. P-121, compute the maximum force P that can be applied by the 
machine operator, if the shearing stress in the pin at B and the axial stress in the 
control rod at C are limited to 4000 psi and 5000 psi, respectively. The diameters are 
0.25 inch for the pin, and 0.5 inch for the control rod. Assume single shear for the pin 
at B. 



Solution 121 

[ ZM H = 0 ] 
[ZFn= 0] 


[SF v = 0] 



6F = 2T 5ìtl 10 ,: ' ->(i) 

Bh = T COS 10° -ì from (l) r T = 3P/sin 10 & 
B h = 0P/ ainlO 0 ) cos 10° 

= 3 cot 10 3 P 

Fv = T E3Ìn 10° + F-î fram (1),- T an ÌO'- = 3P 
Bv=3F + .F 
Bv = 4F 

Rt? = B^ + B^ 

R 7 ?= (3cotl0° F) 1 + (4F) 2 
Rj? = 305.47F J 
= 17.4SF 

F = Rb/17.43 -ï (z) 


Based on tension of i’od (equation 1): 
F = iTsinlCF 

F = 4 [5000 x * 71(0.5)^] sin 10° 

F = 56.S3 lb 

Based on c-heac of rivet íeqtiation 2): 
F = 4000 x 1 71(0.25)^ /17.4S 

F = 11.23 lb 
Safe load P = 11.23 Ib 
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Problem 122 


Two blocks of wood, width w and thickness t, are glued together along the joint inclined 
at the angle 6 as shown in Fig. P-122. Using the free-body diagram concept in Fig. l-4a, 
show that the shearing stress on the glued joint is t = P sin 20/2A, where A is the cross- 
sectional area. 


F| 



Figure l-4a NoTid s"d ïhesi' cc-niDnenCs af the 
resultant an arbrb'ary section, 



Solution 122 



Sliettr area, m r ~ t (llì CSC 0) 

= iH' CSC 0 
= A CSC 0 

Sheai’ foice, V = P cos 0 

k = 

P CQS 0 = l(A CSC 0) 

T = P SÌll 0 CDS 0 / A 
= P (2 sin 0 co3 0} / 2A 
= P sin 20 / 2A ' (pkí) 


Problem 123 

A rectangular piece of wood, 50 mnn by 100 mm in cross section, is used as a 
compression block shown in Fig. P-123. Determine the axial force P that can be safely 
applied to the block if the compressive stress in wood is limited to 20 MN/m 2 and the 
shearing stress parallel to the grain is limited to 5 MN/m 2 . The grain makes an angle of 
20° with the horizontal, as shown. (Hint: Use the results in Problem 122.) 
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Solution 123 


p 



Ba:;ed on maximtim compreasive stress: 
Normal fotre: 

N = F cos 20° 

Normal area: 

= 50 (100 sec 20 D ) 

= 5320„S9 mm 2 

N = ctAm 

P cos 20° = 20 (5320.89) 

F =113 247 N 
= 133.25 kN 


Based on oimoiim shearing stress: 
SlTjear force: 

V = P sán 20° 


Slieai’ ai ea: 

A v = 

= 5320.39 mm- 
V = xAv 

P sin 20 D = 5 (5320.39) 
P = 77 736 N 
= 77.79 kN 


For safe compTes sive force, use P = 77.79 kX 
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Bearing Stress 

Bearing stress is the contact pressure between the separate bodies. It differs from 
compressive stress, as it is an internal stress caused by compressive forces. 





SOLVED PROBLEMS IN BEARING STRESS 


Problem 125 

In Fig. 1-12, assume that a 20-mm-diameter rivet joins the plates that are each 110 
mm wide. The allowable stresses are 120 MPa for bearing in the plate material and 60 
MPa for shearing of rivet. Determine (a) the minimum thickness of each plate; and (b) 
the largest average tensile stress in the plates. 


p 

4 

CD 

1 

1 

1 

:10 mm 
1 

P 

> 

p 

l 204TIÏT1 0 

1 1 r it 

^77777777777777773“ ^^7^7773 v 

P 


Figure 1-12 



Solution 125 

(a) Frorn DlTeaimg of ri,vet: 

F = TArlvrlï; 

= M[ÌK(2&)] 

= 600 OirN 

Frorn beaiing of plate matenal: 

F = crbAb 
óOOOe = 120(200 
t = 7.S5 nun 

(b) Large:;t average tenfsde stress in the plate: 
F = <jA 

6000 jt = cr [7.85(110 - 20)] 
cr = 26.67 MFa 
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Problem 126 

The lap joint shovvn in Fig. P-126 is fastened by four 3 /4-in.-diameter rivets. Calculate 
the maximum safe load P that can be applied if the shearing stress in the rivets is 
limited to 14 ksi and the bearing stress in the plates is limited to 18 ksi. Assume the 
applied load is uniformly distributed among the four rivets. 


î 1 

4 in 

1 i 

4 

4- 

4- 

4 


P 

7/B in 

— fh- 

o 

-ff 

7/8 

1 Tf 

in 

*. L 



'•U j 

-tl 

4. 

J * 


Solution 126 

Based on slìeanng o£ ìivets: 

P = t A 
F = 

P = 24.74 kips 

Based on beaimg of plates: 

F = crb Ab 
F=1S[4 (f)(f)] 

P = 47.25 kips 

Gafe load P = 24.74 kips 

Problem 127 

In the clevis shovvn in Fig. 1-llb, find the minimum bolt diameter and the minimum 
thickness of each yoke that will support a load P = 14 kips without exceeding a shearing 
stress of 12 ksi and a bearing stress of 20 ksi. 
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Solution 127 


For Dlieaiïng of rivets ídouble 
sheaí’) 

F = tA 

14=12[2(|7ii 2 }] 

íí = 0.8618 in -> dirnietei' of boït 

For beaiiiig of yoke: 

F = Ob Ab 

0.5 pT T 0 - SP 14 = 20[2(0.861S i) } 

w t = O.lOtì'í in -> tliidsness of yoke 



Problem 128 

A W18 x 86 beam is riveted to a W24 x 117 girder by a connection similar to that in 
Fig. 1-13. The diameter of the rivets is 7/8 in., and the angles are each 4 x 31/2 x 3/8 
in. For each rivet, assume that the allowable stresses are x = 15 ksi and o b = 32 ksi. 
Find the allowable 
load on the connection. 



Fignre 1-13 
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Solution 128 

Note: Textbook is Strength of Materials 4th edition by Pytel and Singer 

Relevant data from the table (AppendUx B of 
textbook): Píiopfifìzís qf VVide-Hange SectiùỲis (W 

shapes) : ÍLS,- Custo?naiy Units 

DesignatiorL Wéb thickneD5 

XV13 x Stì 0.4SO ìtl 

W24 x 117 0.550 in 

Sliearing stcength of ìivets: 

There aie & single-sheai' rivets in tlie girder and 4 
double-Dhear (equivalent to 3 single-sheaii in the 
beam, thus, tite shear strength of rivets in girder and 
beam are equal 

V = xA=15[*rc(£>í(B)] 

V = 72.1 tì kips 

Beanng strength on the girder: 

The thichness of gu'der W24 h 117 is 0.550" wliile tliat 
of tlie angle clip L4 x 3y x is " or 0375'% thus, 
the ciitLcal m beaiing is the clip. 

P = o b 7k b = 32[|(0375)(S)] 

P = S4 kips 

Beanng strength on the beanv 

The tliickness of beam W18 x 86 is 0.480""' while that of 
the cíip angle is 2 x 0375" = 0.75" (dip angles ai"e on 
botti sides of the beam) r thus, the cïittcal in beaiing is 
the beam. 

F = c b Ab=32[|-(0.4SO)(4)] 

F = 53.76 kips 

The fdlowable load on the connectinn is P = 53.76 kips 


Problem 129 

A 7/8-in.-diameter bolt, having a diameter at the root of the threads of 0.731 in., is 
used to fasten two timbers together as shown in Fig. P-129. The nut is tightened to 
cause a tensile stress of 18 ksi in the bolt. Compute the shearing stress in the head of 
the bolt and in the threads. Also, determine the outside diameter of the washers if their 
inside diameter is 9/8 in. and the bearing stress is limited to 800 psi. 
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Solution 129 



Tensile fbrce on. the holt: 

P=oA = 18[|^} 2 ] 

P = 1Û.S2 kips 


SheHU'ing stress in the liead of the bolt: 
r = P = 10.-S2 
A “ *&)({) 
t = 7.872 ksi 


Gheai4ng staress in the threads: 
_ P _ 10 32 

T A = thJO. 731) (■§■) 

t = 7.53S ksi 

Outside dianieter of wa aher 
F = c b jif, 


d 

< > 



9/B in 
Washer 


10.52(1000) = S0O{-^K[íf - (f) 2 ]) 
d = 4.3 in 


Problem 130 

Figure P-130 shows a roof truss and the detail of the riveted connection at joint B. Using 
allowable stresses of t = 70 MPa and a b = 140 MPa, how many 19-mm diameter rivets 
are required to fasten member BC to the gusset plate? Member BE? What is the largest 
average tensile or compressive stress in BC and BE? 



D 
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Solution 130 


BC 


AC ^ Ç 


CE 


1 f' 

% kN 
Joînt C 


At Jodní C: 

TJv = 0 

BC = 96 kT\ (Tension) 

Consider the section 
tìiTongli membeT BD f 
BE y and C£: 

TMa = 0 
S( 4 BE) =4(96) 

= 80 kM ( Compression) 


p ir 



For Member BC: 

Baced on shearing of rivets: 

BC = r A 

Where Á = area of 1 lïvet y nuniber of nvets r n 

96 000 = 70[|h(19V1 

n = 4.S say 5 rivets 


Ba:;ed on bearing of member : 

EC = UìAb 

Where An = diameter of rivet y thickness of BC * 
nurnber of rivets r n 
96 000 = 140[19(6 )?í] 
n = 6.02 say 7 rivets 

nse 7 rivets for inember BC 


For member BE: 

Based on sheanng of rivets: 

BE=zA 

Wliere A = area of 1 rivet x number of rivets r n 
SO OQO = 70 [|ïi(19>] 
n = 4.03 say 5 rivets 


Based on beaidng of member: 

BE = at-At. 

Where A* = diameter of rivet thickness of BE y 
number of rivets,- n 
SO OQO = 140[19(13 )r] 
n = 2.3 say 3 rivets 

nse 3 rivets for member BE 

Relevant data from the tahle (Appendix B of 
textbook): QfEcfunl Angle Sícfïbjrs; 51 Units 



d = diameter aF rrvet n ole 
Note: 

A = Aiïd - dt 


Designation Area 

L75 x 75 x 6 S64mm? 

L75 x 75 x 13 17S0 mm- 


Tensile stiess of member EC (L75 x 75 x 6): 
= P 96(1000) 

Â 864-19(6) 
o = 128 Mpa 


Compressive stress of menlber BE (L75 x 75 x 13): 
= P_ = 80(1000) 

À 1.7S0 

o = 41.94 Mpa 
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Problem 131 

Repeat Problenn 130 if the rivet diameter is 22 mm and all other data remain 
unchanged. 

Solution 131 

For membei' SC: 

F =96 kN (Tension) 


Based on sl’ieamig of rivets: 
F = tA 

96 000 =70[±tc( 2 2i) n] 
n = 3.6 say 4 rivets 


Based on beaiing of member: 

F = tfb Ab 

96 000 = 140[22{6)?í] 
n = 5.2 say 6 rivets 

Use 6 rivets for member BC 

Tensile stress: 

= F_ = 96(1 000 ) 

^ A S64 - 22(6) 

cr = 131.15 MPa 

For member BE: 

F = 30 kN (Compcession) 

Based on slìeanng of rivets: 

P = tA 

SO 000 = 70 [ | HÍ22 2 ) Íi] 
n = 3.01 say 4 rivets 


Based on bearing of member: 
F = Ub Ab 

30 000 = 140[22{13)n] 
n = 1.99S say 2 rivets 


nse 4 rivets for membei BE 

Compressive stxess: 

_ P _ 30(1000) 

Â 1730 
cr = 44.94 MFa 
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Thin-Walled Pressure Vessels 

A tank or pipe carrying a fluid or gas under a pressure is subjected to tensile forces, 
vvhich resist bursting, developed across longitudinal and transverse sections. 

TANGENTIAL STRESS 

(Circumferential Stress) 


Consider the tank shown being subjected to an internal pressure p. The length of the 
tank is L and the wall thickness is t. Isolating the right half of the tank: 



F = pA = pDL 

1 — (îf Av.j|| — íîr ÎJ_ 
[£Th = 0] 

F = 2T 

pDL = 2(c r tL) 

pD 


If there exist an external pressure p 0 and an internal pressure p^, the formula may be 
expressed as: 


_ _ ÍP= ~PJ D 

CT( 

2± 

LONGITUDINAL STRESS, g l 

Consider the free body diagram in the transverse section of the tank: 



The total force acting at the rear of the tank F must equal to the total longitudinal stress 
on the wall P T = cr L A waM . Since t is so small compared to D, the area of the wall is close 
to îiDt 
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F = pA = pÌD 2 


F 7 = Í7í. TlDí 
[ IFif = 0 ] 
P t =F 


cfì. rcDí = 



If there exist an external pressure p 0 and an internal pressure p^, the formula may be 
expressed as: 


o-ï. = 


4 f 


It can be observed that the tangential stress is twice that of the longitudinal stress. 


ot = 2 a L 


SPHERICAL SHELL 

If a spherical tank of diameter D and thickness t contains gas under 
a pressure of p, the stress at the wall can be expressed as: 



http://librosysolucionarios.net 


SOLVED PROBLEMS IN THIN WALLED PREASSURE VESSELS 


Problem 133 

A cylindrical steel pressure vessel 400 mm in diameter with a wall thickness of 20 mm, 
is subjected to an internal pressure of 4.5 MN/m 2 . (a) Calculate the tangential and 
longitudinal stresses in the steel. (b) To what value may the internal pressure be 
increased if the stress in the steel is limited to 120 MN/m 2 ? (c) If the internal pressure 
were increased until the vessel burst, sketch the type of fracture that would occur. 


Solution 133 


(a) Tar.genhal stress ( o~gitud*nal sectíon): 
F = 2T 



TiU^p = a (nDt) 

_ pD _ 4.5(400) 
** ~ 4f 4(20) 
crr = Z2.S MFa 



Transverse Section 


pD vD 

(b) From (a), anct cr, = thus, a t = 2a,'. r 

tlns showa that tangenlial stresD ìd Eh.e ciitical. 


CTí = 


2t 


120 = 


P<400) 

2(20) 


F = 12 MPa 


(c) The hui'sting foice will catise a stress on the 

longitiidinal Dection that is twíce to that of the 

transverîîe section. Thus, fracture ìd e^pected &d 

showri. _ . c 

EïDected fradtuie 

w"en inter n al 
pressune is 
ncreased unti 
the vessel huist 

^00 mm 
inlemal 
diameter 
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Problem 134 

The wall thickness of a 4-ft-diameter spherical tank is 5/16 in. Calculate the allowable 
internal pressure if the stress is limited to 8000 psi. 


Solution 134 



pr€SâUI'€ 

disìiibution 

dl'iSd 

Total +is I 
pfE-aâure, F 


Total intemal precs\U'e: 

Resisting waíl: 

F=F 


Cûl = p(Jr JíD 2 ) 
CT(7iDf) =p(|nD 2 ) 



3000= 

4 («) 

p = 208.33 psi 


Problem 135 

Calculate the minimunn wall thickness for a cylindrical vessel that is to carry a gas at a 
pressure of 1400 psi. The diameter of the vessel is 2 ft, and the stress is limited to 12 
ksi. 


Solution 135 


The critical stress is the tangential stress 
■pD 


cr ( = 


2 1 


12 000 = 
t = 1.4 iii 


1400(2x12) 

2 ì 
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Problem 136 

A cylindrical pressure vessel is fabricated from steel plating that has a thickness of 20 
mm. The diameter of the pressure vessel is 450 mm and its length is 2.0 m. Determine 
the maximum internal pressure that can be applied if the longitudinal stress is limited to 
140 MPa, and the circumferential stress is limited to 60 MPa. 


Solution 136 



Based on circijmferentLal stress (tangentïal]: 
YIv = 0 
F = 2T 

pÌPU = 2(<i t Lt) 



p = 5.3G IVlPa 



Based on longitudmal Dtress: 
YIh = 0 
F = F 

p\±xD 2 } = Gi{7i Dt) 




p = 2489 MPa 


U&ep = 5.33 MPa 
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Problem 137 

A vvater tank, 22 ft in diameter, is made from steel plates that are Vi in. thick. Find the 
maximum height to which the tank may be filled if the circumferential stress is limited 
to 6000 psi. The specific weight of water is 62.4 lb/ft 3 . 


Solution 137 



CTj = 6000 psi 

tìOOOlbf'lïinY 

J 

Cí = So4 OOOlb/ft 2 


Assttonii-ig preBstne 
distribution to be ttnifomi: 
p = yh = 6Z4It 
F = vA = 62.4h(Dh) 

F = 624(22^ 

F = 1372.SÍJ 2 



J = c = S64 OOO(ìíî) 
T=3640QGÍ|xi)jt 
1 = 36 000 h 


ZF = 0 
F = 2T 

1372.SÍJ 2 = 2(36 OOO h) 
h = 52.45 ft 

C omuient: 

Given a free stu'face of tvater, the actual pressttce 
distribution on tl’ie vessel is not urdform. It vaiies 
Imearly fi'om 0 at the free surface to 'fh at tlte bottom 
(see figtu'e below). Using tliis actuîil piessure 

distributioiv the total hydrostatic pressure is redticed 
by 50%. This reduc tion of force will take otu - design 
into critical situation; giving us a maximum height of 
200% more tlwi the h above. 


ftwsure 

DdgidTi 



Based on actual pr essure distiibution: 
Total hydrostatic force, F: 

F = vohrnie of pressure diagram 
F = \iý?}D=±mM+\(7Z\ 

F = 6864A 2 


ZxVb. = 0 

2T(iJi)-F(^=0 
I=^F 

cf é (fti) = 4- (6Sti.4M) 

_ 3o f t _ 3(864 COOHjx^-) 



, 

i. 

1Í2 h 


\ 1/3 h 


i_ 



6SÓ.4 

fi = 157.34 ft 


óSti.4 
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Problem 138 

The strength of longitudinal joint in Fig. 1-17 is 33 kips/ft, whereas for the girth is 16 
kips/ft. Calculate the maximum diameter of the cylinder tank if the internal pressure is 
150 psi. 



Solution 138 

Ihtiemiil pnasme, p\ 

f , 150p51 ,__ r j 
p = 21 600 Ib/ftî 



For lcngitudinal joint i[ta ngentìal stress): 
Cortsider 1 ft length 
F = 2T 
pD = 

pD 

CTí = 

2 1 

350QQ = 21600 D 

t 2 1 

D = 3 06 ft = 36.67 în 



For girth joint (bngit^dinal stress): 
F = P 

pi^itD 1 ) =a r (i rDí) 



16000 _ 21600 D 
í 4í 

D = 2.06 ft = 35.56 in_ 


U&e the snìaller diameter, r D = 35.56 iii. 
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Problem 139 

Find the limiting peripheral velocity of a rotating steel ring if the allowable stress is 20 
ksi and steel weighs 490 lb/ft 3 . At what revolutions per minute (rpm) will the stress 
reach 30 ksi if the mean radius is 10 in.? 


Solution 139 


sieel ling of 



Centrifugal Force, r CF: 

cf = Àfw 2 r 

, „ w yV 

where: M = — = - — 

8 8 

£0 = v/R 

x =2R/n 


ynRA 


CF = - 


'Tim) 


CF = 


2yAv 1 


2T= CF 

2«A=^ 

S 


s 

Fran the grven deta : 

cr = ksi = (20 000 IWin2)(i2 in/ft)a 2 
cr = 2 BE0 000 \bfft2 
V = 490 Ib/fê 


2 380 000 = 


49Qp- 

32.2 


u = 435.04 ft/sec 


When cr = 


cr = 


30 ksi, and R = 10 in 

2 


o- 

4 


30 000(12-) = 


490zr 

32.2 


v - 532.S1 ft/sec 


532.81 

“■° /R "ïÔ7Ï2 

£0 = 639.37 ìad/sec 

639.37 rad 1 rev 

£ 0 = >:: : 

sec 2 -jt rad 

£0 = 6/103.54 ipm 


60 sec 
1 min 
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Problem 140 


At what angular velocity will the stress of the rotating steel ring equal 150 MPa if its 
mean radius is 220 mm? The density of steel 7.85 Mg/m 3 . 

Solution 140 

CF = Mn 2 x 

Where: M=p V=pA%R 
x = 2R/n 

CF = pAKRd*(2Rfn) 

CF = IpARhr? 


Problem 141 

The tank shown in Fig. P-141 is fabricated from 1/8-in steel plate. Calculate the 
maximum longitudinal and circumferential stress caused by an internal pressure of 125 



2T= CF 
2<sA = 2p AR 2 *? 

■cr = pR^ 

Fron thegive" {NoIe: i N = 1 luj-rïïi/sEC*): 


a = 15D MPa 

= 15D D00 000 kg-Ti/sec 2 -n 3 
= 15D D00 000 fcg/nrec* 
p = 7.05 Ng/m 3 = 7E50 bg/V 
R = Z20 mrr = 0.33 m 


FBD of Rnn g in R-otaiticn 


150 000 000= 7B50 (0.22)2(0* 
co = 6ZS.33 racysec 


psi. 



Figure P-141 


Solution 141 



Longitudinal Sfcí’ess: 

F = pA = 125 [1.5(2) + 4- n(l 5)2] (12^ 
F = 85 S0S.62 llis 


5ee d'Tiensbns in Fig. P-I41 F 
th":krie55r C = 1/0 in. 


F = F 

trr [2(2 x 12) (±) + %(13 x 12) (|) ] = S5 S0S„62 

o r = ó 566.02 psi 
o r = 6.57 ksi 


http://librosysolucionarios.net 



CirctmUererLtial Stieas: 


F = pA = 125 [(2 x T2)L + 2(0.75 x 12) L] 
F = 5250L lbs " 


■% 2 T=F 


2[a f (l)L] = 5250L 

Ci = 21 000 j)si 
(Ji = 21 ksí 


Problem 142 

A pipe carrying steam at 3.5 MPa has an outside diameter of 450 mm and a wall 
thickness of 10 mm. A gasket is inserted between the flange at one end of the pipe and 
a flat plate used to cap the end. How many 40-mm-diameter bolts must be used to hold 
the cap on if the allowable stress in the bolts is 80 MPa, of which 55 MPa is the initial 
stress? What circumferential stress is developed in the pipe? Why is it necessary to 
tighten the bolt initially, and what will happen if the steam pressure should cause the 
stress in the bolts to be twice the value of the initial stress? 

Solution 142 

i — r!sn 


F = <jA 

= 3.5[-J-7D(430 a )] 

= 50S 270.42 N 

F = F 

(íihnnAJn = 50S 270.42 N 
(S0-.55)[^ jr(4^)]ít = 50S 270.42 
n = ltì.19 say 17 bolts 


Diseiission: 

It is njecesstiiy to tighten tlie bolts inátially to pr ess the 
gasket to the rlange. to avoid leahage of steam. Lf the 
piesoure tvìII cause 110 IvIFa of stress to each bolt 
causing it to fail, leahage will occtu'. If tliis is sudden r 
the cap nìay blow. 




Ciicumfefential stress [canslder l-m strip): 
F = pA = 3.51430(1000)] 

F = 1 505 QQO N 


2 X=P 

2[a f (1000)(10)] = 1 505 000 
ctí = 75.25 xVÍFa 
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Strain 
Simple Strain 


Also known as unit defornnation, strain is the ratio of the change in length caused by the 
applied force, to the original length. 




p 


e = — 

L 

where 5 is the deformation and L is the original length, thus s is dimensionless. 

Stress-Strain Diagram 

Suppose that a metal specimen be placed in tension-compression testing machine. As 
the axial load is gradually increased in increments, the total elongation over the gage 
length is measured at each increment of the load and this is continued until failure of 
the specimen takes place. Knowing the original cross-sectional area and length of the 
specimen, the normal stress a and the strain e can be obtained. The graph of these 
quantities with the stress cj along the y-axis and the strain e along the x-axis is called 
the stress-strain diagram. The stress-strain diagram differs in form for various 
materials. The diagram shown below is that for a medium carbon structural steel. 

Metallic engineering materials are classified as either ductile or brittle materials. A 
ductile material is one having relatively large tensile strains up to the point of rupture 
like structural steel and aluminum, whereas brittle materials has a relatively small strain 
up to the point of rupture like cast iron and concrete. An arbitrary strain of 0.05 
mm/mm is frequently taken as the dividing line between these two classes. 



http://librosysolucionarios.net 


PROPORTIONAL LIMIT (HOORE'S LAW) 


Frorn the origin O to the point called proportional limit, the stress-strain 
curve is a straight line. This linear relation between elongation and the 
axial force causing was first noticed by Sir Robert Hooke in 1678 and is 
called Hooke's Law that within the proportional limit, the stress is directly 
proportional to strain or 



Robert Hooke 


C oc E Ol' CT = k E 

The constant of proportionality k is called the Modulus of Elasticity E or Young's Modulus 
and is equal to the slope of the stress-strain diagram from 0 to P. Then 


<2 =E 3 


ELASTIC LIMIT 

The elastic limit is the limit beyond which the material will no longer go back to its 
original shape when the load is removed, or it is the maximum stress that may e 
developed such that there is no permanent or residual deformation when the load is 
entirely removed. 

ELASTIC AND PLASTIC RANGES 

The region in stress-strain diagram from O to P is called the elastic range. The region 
from P to R is called the plastic range. 

YIELD POINT 

Yield point is the point at which the material will have an appreciable elongation or 
yielding without any increase in load. 

ULTIMATE STRENGTH 

The maximum ordinate in the stress-strain diagram is the ultimate strength or tensile 
strength. 

RAPTURE STRENGTH 

Rapture strength is the strength of the material at rupture. This is also known as the 
breaking strength. 
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MODULUS OF RESILIENCE 


Modulus of resilience is the work done on a unit volume of material as the force is 
gradually increased from O to P, in Nm/m 3 . This may be calculated as the area under 
the stress-strain curve from the origin O to up to the elastic limit E (the shaded area in 
the figure). The resilience of the material is its ability to absorb energy without creating 
a permanent distortion. 

MODULUS OF TOUGHNESS 

Modulus of toughness is the work done on a unit volume of material as the force is 
gradually increased from O to R, in Nm/m 3 . This may be calculated as the area under 
the entire stress-strain curve (from O to R). The toughness of a material is its ability to 
absorb energy without causing it to break. 

WORKING STRESS, ALLOWABLE STRESS, AND FACTOR OF SAFETY 

Working stress is defined as the actual stress of a material under a given loading. The 
maximum safe stress that a material can carry is termed as the allowable stress. The 
allowable stress should be limited to values not exceeding the proportional limit. 
However, since proportional limit is difficult to determine accurately, the allowable tress 
is taken as either the yield point or ultimate strength divided by a factor of safety. The 
ratio of this strength (ultimate or yield strength) to allowable strength is called the 
factor of safety. 

AXIAL DEFORMA TION 

In the linear portion of the stress-strain diagram, the tress is proportional to strain and 
is given by 


a = Ee 

since g = P / A and ee = S / L, then P/A = ES/L. Solving for S, 

, _ PI _ aL 
° AE E 


To use this formula, the load must be axial, the bar must have a uniform cross-sectional 
area, and the stress must not exceed the proportional limit. If however, the cross- 
sectional area is not uniform, the axial deformation can be determined by considering a 
differential length and applying integration. 
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If hovvever, the cross-sectional area is not uniform, the axial deformation can be 

determined by considering a differential length and applying 

integration. 


vvhere A = ty and y and t, if variable, must be expressed in terms of x. 

For a rod of unit mass p suspended vertically from one end, the total elongation due to 
its ovvn vveight is 


vvhere p is in kg/m 3 , L is the length of the rod in mm, M is the total mass of the rod in 
kg, A is the cross-sectional area of the rod in mm 2 , and g = 9.81 m/s 2 . 

STIFFNESS, k 

Stiffness is the ratio of the steady force acting on an elastic body to the resulting 
displacement. It has the unit of N/mm. 


L 




£ = p = 


2 E 2 AE 


k = P / 8 
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SOLVED PROBLEMS IN AXIAL DEFORMATION 


Problem 206 

A steel rod having a cross-sectional area of 300 mm 2 and a length of 150 m is 
suspended vertically from one end. It supports a tensile load of 20 kN at the lower end. 
If the unit mass of steel is 7850 kg/m 3 and E = 200 x 10 3 MN/m 2 , find the total 
elongation of the rod. 


Solution 206 


\ 






ï * 




I 


3 


Let 5 = total elongatioii 

5] = elongation due to its own weight 
= elongation due to applied load 


5 = + £b 


Si = 


FL 

AE 


Whera : P = W = 7B 5&{ 1/1 000)3(9.81 )[300( 1 501(1000 )] 

P = 3465.3825 N 
L = 75(10001 = 75 000 mm 
A = 300 nmr 
E = 200 0QD MPd 


3465.3525(75000) 
300(200 000) 


= 4.33 mm 


S 

i 


20 kN 



ò 2 



Whera: P = 20 kN = ZO 000 N 

L = 150 n = 150 0ÍM3 mm 
A = 300 nm 5 
E = 200 GOD MlPd 


20000(150000) 

òî = = dO mm 

300(2.00000) 


Total elongation; 

5 = 4.33 + 50 = 54.33 nim 


Problem 207 

A steel wire 30 ft long, hanging vertically, supports a load of 500 Ib. Neglecting the 
weight of the wire, determine the required diameter if the stress is not to exceed 20 ksi 
and the total elongation is not to exceed 0.20 in. Assume E = 29 x 10 6 psi. 
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Solution 207 


T" 

30 h 


5D0 Ib 



d 


Baoed ort maximum aJlowable stiess: 


cr = 


P_ 

A 


20 000 = 


500 

ì-nd 2 

4 


d = 0.0318 in 


Based on maximum allowable def oïïimtion: 

5=^ 

AE 

500(30x12) 

-[■ïiíf 3 (29x10") 
d = 0.0395 in 


Use the bigger dianieter, d = 0.0395 in 


Problem 208 

A steel tire, 10 mm thick, 80 mm wide, and 1500.0 mm inside diameter, is heated and 
shrunk onto a steel wheel 1500.5 mm in diameter. If the coefficient of static friction is 
0.30, what torque is required to twist the tire relative to the wheel? Neglect the 
deformation of the wheel. Use E = 200 GPa. 


Solution 208 



5 = 


PL 

AE 



Whera: 

6 = tt(15Q0.5 - 1500} = Q.ir mm 

ID mm 


P = T 

15QQ mm 

03?! = 

L = 15ÛÛ21 mn 
A = 10(30) = B00 mm 2 
E = 200 0&D MPa 

T(15Q0h) 


800(200000) 

10 mn 

T = 53 333.33 N 



F = 2T 

p (1500)(80) = 2(53 333.33) 
p = Q.SSS9 MPa -> ' n temal o'essure 

Total nocriiíil foi'ce, N: 

N = p x contact area betw-een bire and wbeel 
N = 0.SSSÇ5 x <15003) (SO) 

N= 335 214.9.2 N 


Fîiction ìesístance, / 
f=l iN= 0.30(335 214.92) 

/= 10Q 564.4S N = 100.56 ïdV 

Torque =/ x / (dianìetel , of wheel) 

Toique = 10036 x 0.75025 
Toique = 75.44 kN-m 
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Problem 209 

An aluminum bar having a cross-sectional area of 0.5 in 2 carries the axial loads applied 
at the positions shown in Fig. P-209. Compute the total change in length of the bar if E 
= 10 x 10 6 psi. Assume the bar is suitably braced to prevent lateral buckling. 


Figure P-2D9 and P-2Ì0 


6000 5 


7CO0 Ib 


jGOD Ib 




3 h 

5 ft 

4 ft 


4000 d 


Solution 209 


600D Ib 


>T= 


6DD0 Ib 


7D00 Ib ■ 




□ !D 


— iuuu 


6CO0 Ib 

7000 lb 


6000 líj 




Fi = 6000 lb tensiDn 




— * 

Pj = 


4000 Ib 


Fj = 1000 lb compression 
Pi = 4000 Ib tension 
PL 


5 = 


AE 


3 = - 62 + 

6000(3x12) 1000(5x12) + 4000(4x12) 

0.5(10x10'’} ~ 0.5(10xl0 6 ) 0.5(10x10*') 

3 = 0.0696 m (lengtlieniiig) 


Problem 210 

Solve Prob. 209 if the points of application of the 6000-lb and the 4000-lb forces are 
interchanged. 


Solution 210 



Fi = 4000 lb compression 
Fj = 11000 lb eompresGÌon 
F ■; = 6000 lb compression 



5 = -3 l - 6-j - & 

4000(3x12) 11000(5x12) 6000(4x12) 

" 0.5(10x10*) " 0-5(10x10°) " 0.5(10x10°) 
5 = -0.19248 in = 0.19248 in (sliortening) 
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Problem 211 

A bronze bar is fastened betvveen a steel bar and an aluminum bar as shown in Fig. P- 
211. Axial loads are applied at the positions indicated. Find the largest value of P that 
will not exceed an overall deformation of 3.0 mm, or the following stresses: 140 MPa in 
the steel, 120 MPa in the bronze, and 80 MPa in the aluminum. Assume that the 
assembly is suitably braced to prevent buckling. Use E st = 200 GPa, E a i = 70 GPa, and 
E br = 83 GPa. 


Stee 

A = 4BQ mm 2 

Bl X>"2£ 

A = G5@ imm 1 

Aluminum 
A = 320 mm 2 

* | 



p h 

■ r jih 

Le 

J 

| t - 

l 1 - -"1 

1.0 m 

2.0 m 

1.5 m 


2P 


Figure IP -211 


Solution 211 


Based on á!lowable stressea: 




IPb- = 2P 


3P 


■ 3P 4P' 


P*i = 2P 


Steel: 

P s3 = cr^ 

P = 140(430) = 67 200 N 
P = 67.2 kN 


Broi-Lze: 

Pìjt = 

2 P = 120(tì50) = 78 000 
P = 39 000 N = 39 kN 


Aliifninuni: 

Pûí = OaÍL'liii' 

2P = 80(320) =25 tìOO N 
P = 12 800 N = 12.S kN 


Based on aIÌowab!e defomiation: 

(steel dnd aliMnínum lengtfie n s. Diunze s n oitens) 

5 = 5 3í - Z'tr +■ & ai 

_ P(IOOO) 2P(20OO) + 2P(1500) 

480(200000 ) 650(70000) 320(83000) 

3 = ( líEET " + yp 

P = 84 610.99 N =84.61 kN 

Use the smallest value of P, P = 12.8 kN 
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Problem 212 

The rigid bar ABC shovvn in Fig. P-212 is hinged at A and supported by a steel rod at B. 
Determine the largest load P that can be applied at C if the stress in the steel rod is 
limited to 30 ksi and the vertical movement of end C must not exceed 0.10 in. 



Solution 212 


Free body Afid defoîmjation diagranìs: 



Based on maximum stress of steel rod: 
YMa = 0 
5F = 2F S í 
F = 0.4 F -e 
F = 0.4OfljAïí 
F = Û. 4(30(0.50)] 

F = 6 kips 

Eased on movement at C: 

= 01 
2 5 

= 0.04 in 

EnL =0.04 

-0M 

0.50(29x10 ) 

P tí = 12 083.33 lb 

TMa = 0 
5P = 2P S( 

P = 0.4P ír 
F = 0.4(12 063.33) 

P = 4S33.33 Ib = 4.83 kïps 

Use the smoHer value,. F = 4.S3 kips 
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Problem 213 


The rigid bar AB, attached to two vertical rods as shown in Fig. P-213, is horizontal 
before the load P is applied. Determine the vertical movement of P if its magnitude is 50 
kN. 



Solutîon 213 

Free body diagÊ'íiiït 



c 




3.5 m 


P = 50 k N 


2.5 -n 



For altmiintim: 

[ZAin: = 0 ] òP a ì = 2 . 5 ( 50 ) 

P^ = 20.83 kSl 

L Pll „ 20 . 83 ( 3 ) 1000 - 

L A£ ir 500(700 00) 

Eïh = 1 . 7 S mm 

For steel: 

\TMa = 0] 6P« = 3.5(50) 

P si = 29.17 kN 

_" 5 _ FLl 29.17(4)1000 2 

[ “ÂeL 5f 300(200000) 

E sr = 1.94 mm 


Movement diagiam 


A 3.5 B 2.5 C 



y _ 1.94-1.78 
3.5 ” 6 

y = 0.09 mm 

5 b = vertical movement of P 
Eb = 1.78 4 y = 1 73 4 0.09 

Sg = 1.37 uim 


Problem 214 

The rigid bars AB and CD shown in Fig. P-214 are supported by pins at A and C and the 
two rods. Determine the maximum force P that can be applied as shown if its vertical 


movement is limited to 5 m 


vpum 


ysc 


rios 


mr 


bers. 



Steel 
L= 2 m 
A = 300 mm 2 
E = 200 GPa 


Solutîon 214 

[IMa = 0] 3 P*i = bP 5f 

PrJ = 2P st 



By ratio ancl proportion: 



= 25,, = 2: — 

Ue -L 

P d (2000) 


5 e = 25 ,; = 2 
5 E = 2 


500(70000) 


S750 ^ 3750 í^ >sf ) 

5 e = P ît -h» movement of B 



diagram of bar CD 

[IMc = 0] 


Movement of D: 

= 5 S( + 5 E = 


'PL' 

~ÂE 


i p . 
4375 1 îf 


, _ P a (2000) 

300(200000) 


4375 


\*P* 


5d 


n 

42030 


P 3f 


6P sf = 3P 
P st = 


By ratio and proportion: 

_ 5 d 
3 _ 6 

Ûf ' 7 Í'I " j ( 42000 Psí) 

_ S4C03 ^ 5Í 
^ _ B40DO ( T P) 

P = 76 363.64 N = 76.4 kN 


http://librosysolucionarios.net 


Problem 215 

A uniform concrete slab of total weight W is to be attached, as shown in Fig. P-215, to 
two rods whose lower ends are on the same level. Determine the ratio of the areas of 
the rods so that the slab will remain level. 


Solution 215 



w 


Fignre P-215 




- 


Aluminum 
E = 10 x LCfpsi 
L = 4ft 


T 


Steel 

E = 29 k L0* psi 
L = G ft 


Toïal Weight = W 


3 ft 


eft 


1 ft 



[ZMd 

= 0] 


6 P s} = 2W 

P-= j w 

E M* 

= 0] 


6P rK j = 4 W 
PoI= fW 

s, f = s, 

oZ 



'PL~ 


~ PL~ 


_AE_ 

st 

_AE_ 

id 


+W(6xl2) _ jW(4xl2) 

^ 5f (29xl0 6 ) “ AjlQxlQ 6 ) 

A a _ %W{ 4xl2)(29xlO e ) 
yW(6í< 12)(10x 10 6 ) 

A sl /A si = 3.867 


Problem 216 

As shown in Fig. P-216, two aluminum rods AB and BC, hinged to rigid supports, are 
pinned together at B to carry a vertical load P = 6000 Ib. If each rod has a 
crosssectional area of 0.60 in 2 and E = 10 x 10 6 psi, compute the elongation of each 
rod and the horizontal and vertical displacements of point B. Assume a = 30° and 0 = 
30°. 
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Solution 216 


Pab 




[^Fh = 0] Pae cos 30° = Pec cos 30° 

P.-ib = Pbc 

[TP V = 0] Pae sin 30° + P flC sin 30° = ÓOOÛ 
P.« (0.5) + Pas (0.5) = 6000 

P^e = 6000 lb tension 
Pec = 6000 Ib compression 


5- “ 

AE 

6000(10x12) , 

ù.ae = — = 0.12 ìn. lenethemne 

0.6(10 x 10 ) 5 5 

6000(6x12) t 

ò fl i; = — = 0.072 ìn. shoiiemne 

0.6(10 xlO 6 ) 5 


DB = 5^ = 0.12 in 

B£ = ô fl £ = 0.072 in 

òb = BB'’ - displacement of B 

3> = fìnal position of B after elongation 


Tiiangle BDB': 

„ 0.12 

cos p = — — 


OB = 


0.12 

COS P 


Triangle BEB r : 
cos (120° - P) 


0.072 


B 0.072 

o fl = 

cos (120° -p) 


6s _ 5 e 

0.12 _ 0.072 

cos p cos(120°-p) 


http://librosysolucionarios.net 



cos 120° cos p -sin 120° sin p _ 
cos p. 

-0.5 + sin 120° tiin p = 0.6 
tan |3 = 1.1/sin 120°; Jì = 51.79° 

4 = 90 - (30 c + p) = 90° - (30= + 51.79°) 

$ = 8 . 21 = 

„ 0.12 
- 

cos 51.79° 

5 b = 0.194 in 
Triangle BFB': 

5jt = B'F = Ô B sin § = 0.194 sin 8.21 3 
6^ = 0.0277 in 

Sjf = 0.0023 ft+ horizontal displaceTent of B 

6- t . = BF = cos <fi = 0.194 cos 8.21° 

5- , = 0.192 in 

6- t . = 0.016 ft -+ veitical displacen’ent of B 

Problem 217 

Solve Prob. 216 if rod AB is of steel, with E = 29 x 10 6 psi. Assume a = 45° and 0 = 
30°; all other data remain unchanged. 

Solution 217 

By Sine Law 



AE 

„ 5379.45(10x12) „ . 

5/ie = = 0.03/1 ni, (lengthening) 

0.6(29x10°) 
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Sec = 



Movement of B 


4392.30(6x12) „ . 

; - — = 0.0527 ìn. {shoitening) 

0.6(10xl0 ô ) 

DB = 5as = 0.0371 in 

BE = S EE = 0.0527 in 

5 b = = displacement of B 

B y = final position of B after def ormation 

Tdangle BDB': 

0.0371 
cos B = 

_ 0.0371 

Û B = — 

cos J3 


Triangle BEB': 

cos (105° - p) = 


0.0527 

^B 


„ 0.0527 

Ûfi = ; 

cos (105°- (3) 


5e _ 5e 

0.0371 _ 0.0527 

cos |3 cos(105 3 -p) 

cos 105° cos B - 5Ìn 105° sin B 

= 1.4205 

eos p 

-0.25S8 + 0.9659 tan p = 1.4205 

1.4205 + 0.2588 

tan B = 

0.9659 

tan P = 1.7386 
P = 60.1° 

0.0371 

5e - 

cos 60.1° 

Se = 0.0744 m 

4 = (45= + p) - 90° 

= (45° + 60.1°) - 90= 

= 15.1° 

Triangle BFB': 

5 fi = FB' = 5 £ sin ()> = 0.0744 sin 15.1° 

Sfi = 0.0194 in 

5fi = 0.00162 ft -> horizoníal d'splacerment of B 

Sy = BF = S B cos i ì = 0.0744 cos 15.1° 

5y = 0.07183 in 

Sy = 0.00598 ft -> veitical displacement of B 
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Problem 218 

A uniform slender rod of length L and cross sectional area A is rotating in a horizontal 
plane about a vertical axis through one end. If the unit mass of the 
rod is p, and it is rotating at a constant angular velocity of co rad/sec, show that the total 
elongation of the rod is P<b 2 L 3 /3E. 


Solution 218 



, PL 
ù = 

AE 

from the frìgure: 

, dP x 
dd = 


dò = 


AE 

Where: 

dP = centjffugal force of d'fferential rnass 
dP = dM = (pA d*)Q 2 x 
dP = pAts 2 k dx 

(pAcû^Jt íí.v) X 

AE 


dx = 


5 = p{fl 2 LV3E ok! 
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Problem 219 

A round bar of length L, which tapers uniformly from a diameter D at one end to a 
smaller diameter d at the other, is suspended vertically from the large end. If w is the 
weight per unit volume, find the elongation of the rod caused by its own weight. Use 
this result to determine the elongation of a cone suspended from its base. 


Solution 219 



AE 


Foi' the differential strip shown: 

5= d& 

P = weight carried by tfie strip 
= weight of segment y 
L = d'y' 

A = area of the strip 


diameter, C 



D - d | d 
< 



Section along the 
axis of tlie bar 


For weight of segment y {fiustum of a conej: 
P = wV y 

From section along the axis 
x D — â 

y 1 

D-â 

x = : V 


Volume for frastum of cone 
V= i-xh (R- + ï 2 + Rr) 

Vy = y 7ïh [ (x + d) z 

+ ì^ + dJílíJ)] 

Vy = 711/ [(% + d) 2 + ÍÍ 2 + (ï + íf)íí] 


p = 
p = 
p = 

p = 


-pr xiu [(x + tf) 2 + d 2 + (x + d)d\ y 

-p7 Ttïíï [x 2 + 2xâ + d 2 + á 2 + xd + íf 2 ] y 

jy 7CTÍÏ [x 2 + -3.rcí + 3 d 2 ] y 

( D-â )- 2 3d(D-d) _. 2 " 

— — y + y + icí 


TTîL 3 

~Ï2 


y 


Area of the ship: 

A = J 7t(x + cf) 2 = 


7U r D - â 

4l. I 
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Thtis, 
PL 


â = 


íÍ5 = 


AE 

KUf 

"Ï2 


(D-d) 2 2 3 d(D-d) „ j2 

— 73 'd + 7 }f + 3d 


v d v 


ir ( D-d 


it 


y + A E 


dd = 


4w 


12 £ 


(D-df y2 + 3d(D -d) y+3d2 


y dy 


d S = — 
3E 


d 5 = — 
3£ 


(D - d) 2 y 2 + 3£i (D - d)y - 3L'd 


2j2 


(D-d) 2 y l + 2 Ld(D -d)y + l 2 d 2 


(D - d) 2 y 2 + 3 Ld (D -d)y + 3 L 2 d 2 


(D-d) 2 y 2 + 2 Lâ(D -d)y + L 2 d 2 
Let: a = D - dj b = Ld 


ydy 


ydy 


da = — 
3E 


fl y + 3 db y + 3& 
a 2 y 2 + 2flî)i/ + í? 2 


y dy 


<fô=^ 

3E 

w 


d5 = 


ti i/ + 3ab y + 3í? a , 

— — x — y áy 

(ayY + 2(íïy)íï-b 2 rî J " 

fl 5 y s + 3{fl 2 y 2 )Ì)+3(fly)b 2 
3 aE (fly + íf) 2 


dy 


w \ [(«y) 3 +3(«y) 2 i) + 3(fly)i) 2 +L> 3 ] — fo 3 

iía = —< ^ 

(ay + h)- 


3aE 


dy 


The quaíitïty (ay) 3 + 3[ay) 2 b + 3(ay)b 2 + b 31 is !he expansion of [ay + b) 3 

(ay + bỳ-ŷ 


d5 = 


íÍS = 


W 


3aE 

iv 


3íî E 


(ay + b)- 
(sy + b'f 


dy 


(ay+î') (fty-i’)* 


ây 
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da 
5 = 


w 

3 aE 
w 


[(f5y+&)-fc 3 (iî!/ + fc) 2 ] ây 


3 aE 
w 


3ì.tE 


[ [(«y + t)-IJ s (fly + &ï 2 \dy 

Jo 

+&r : ~ L 

L 


(/jy-i-í?) 2 b 3 (ay/+ b) 


S = 


S = 


6 = 


w 


'òa 1 E 


w 

3a 2 E 


w 


2 a 


(ay + b) 1 b 3 


4-(riL + &)” + 


R y +h \ o 

b 3 1 ' 


íîL + b 

b 3 


- u-+— 


3fl 2 £l 2 ^ L + ^ " al + b 


ìîr > 


w 


3 a 2 E 


S = 


W 


5 = 


6a E 
w 


' (aL + b) 3 + 2b 3 - 3b 2 (aL + b ) ~. 

2(aL + b) 

(nL) 3 + 3(«L) 2 b + 3 (jiL)Íj 2 +b 3 + 2b 3 - 3ra& 2 L - 31) " 


6íî 2 £ 


a 3 Û + 3 a~bL 


2|.t2 


aL + b 

;Note: a = D- d8ib=Ld 


S = 


w 


S = 


S = 


6 (D-âyE 

w 

6(D-i) 2 £' 

uaÛ 


aL + b 

(D - d f L 3 + 3(D - d) 2 (Lá)L 2 
(D - cí)L + (LéÍ) 

’ (D - d)L 3 [(D - âf + 3rf(D - rf)] 


LD- Ld + Ld 


6(D-J)E 


(D - J) 2 +3J(D - J) 


5 = 


wL 


S = 


6(D-J)E 
ïìjL 3 


S = 


6(D - d)E 

wÛ 


LD 

D 2 -2DJ + cf z +3DJ-3J 2 
LD 

D 2 +DJ- 2J' 


6(D - J)E 


LD 

D(D + J) - 2J 2 


LD 


8 = 


wL 3 

'D(D-d)" 

h?L 3 

~2d l ~ 

6 (D-d)E 

LD 

6(D -d)E 

LD 


8 = 


ït’L 2 (D + rf) ïfL^fí 3 


6£(D - ií) 3ED (D - d) 


For a cone: 

D = D and d = 0 

6E(D-1J7 --SÊD(D-O) 

5=^ 

6E 
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SOLVED PROBLEMS IN STRAIN AND AXIAL DEFORMATION 


Problem 203 

The following data were recorded during the tensile test of a 14-mm-diameter mild steel 
rod. The gage length was 50 mm. 


LtMd 

(N) 

Elongation 

(nìn’LÌ 

Load 

(N) 

Ilongation 

(mm) 

0 

0 

46200 

1.25 

6310 

0.010 

52400 

2.50 

12600 

0.020 

53500 

4.50 

18300 

0.030 

6SOOO 

7.50 

25100 

0.040 

59000 

12.50 

31300 

0.050 

67S00 

15.50 

37900 

0.060 

65000 

20.00 

40100 

0.163 

61500 

Fracture 

41600 

0.433 




Plot the stress-strain diagram and determine the following mechanical properties: (a) 
proportional limits; (b) modulus of elasticity; (c) yield point; (d) ultimate strength; and 
(e) rupture strength. 
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Sfres s, 


Solution 203 

Area, A = 1 x(14) 2 = 4 9 ti nim 2 ; Lengtl\. L = 50 mm 

Strain = Ilongation/Lengd\ Stiess = Load/ Aea 
RS ÍFailure, 399.51) 


LE (0.1 441.74} \ 

Load 

Ilongation 

Strain 

Stress 


(N) 

(mm) 

(nun/ mm) 

(MFa) 

/V 

0 

0 

0 

0 


6310 

O.GIO 

0.0002 

40.99 

j/\\ YP (0.0037, 27G.24) 

12600 

0.020 

0.0004 

S1.S5 

\ EL i[0.í)033, 260.49) 

18800 

0.030 

0.0006 

122.13 

^ PL (0.0012. 24É.20) 

25100 

0.040 

0.OOGS 

163.05 

St'3in r e 

31300 

0.050 

0.001 

203.33 

Stress-Strain Diagram 

37900 

0.060 

0.0012 

246.20 

(nert drawn ta sca e) 

40100 

0.163 

0.0033 

260.49 


41600 

0.433 

0.0067 

270.24 

PL = Piopcrtional Limit 
EL = Elastic Limit 

46200 

1.250 

0.025 

300.12 

ÏP = d Point 

52400 

2.500 

0.05 

340.40 

US = Ult'Tiaba- St'engt" 

58500 

4.500 

0.09 

3S0.02 

R5 = R.pture- Sîiongtti 

68000 

7.500 

0.15 

441.74 


59000 

12.500 

0.25 

3S3.27 


67800 

15.500 

0.31 

440.44 


65000 

20.000 

0.4 

422.25 


61500 

Failure 


399.51 


From stiesB-strain diagiam: 

(a) Froportional Lmnt = 246.20 MPa 
(b') Modulus of Elasticity 

E = slope of stf ess-stram diagram 
within propoitional lmiit 

E = 240 20 = 205 166.67 MFa 
0.0012 

£ = 205.2 GPa 

(c) Yieïd Foint = 270.24 MFa 

(d) Ultimate Strength = 441.74 MPa 

(e) Ruptttre Strength = 399.51 MPa 

Problem 204 

The following data were obtained during a tension test of an aluminum alloy. The initial 
diameter of the test specimen was 0.505 in. and the gage length was 
2.0 in. 


Load 

(ib) 

Ilongation 

<in.) 

Load 

m 

Ilongation 

(in.) 

0 

0 

14 000 

0.020 

2 310 

0.00220 

14 400 

0.025 

4 640 

0.00440 

14 500 

0.060 

6 950 

0.00660 

14 600 

O.OS0 

9 290 

O.OOSSO 

14 800 

0.100 

11600 

0.0110 

14 600 

0.120 

12 600 

0.0150 

13 600 

Fractme 
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Plot the stress-strain diagram and determine the following mechanical properties: (a) 
proportional limit; (b) modulus of elasticity; (c) yield point; (d) yield strength at 0.2% 
offset; (e) ultimate strength; and (f) rupture strength. 


Solutîon 204 


i\rea = ^ n(0.50j) 2 = 0.0 ù3Se iny Lengtli, L = 2.0 irt. 
Stiain = Ilongation/Lengtlx Stiess = Load/Area 



k— 

0.002 cftsíi 


Load 

(ib) 

Ilongation 

(in) 

Strain 
(m/ in) 

Stress 

(pâ) 

0 

0 

0 

0 

2310 

0.0022 

0.0011 

11532.92 

4640 

0.0044 

0.0022 

23165.70 

6950 

0.0066 

0.0033 

34698.62 

9290 

0.008S 

0.0044 

46381.32 

11600 

0.011 

0.0055 

57914.24 

12600 

0.015 

0.0075 

62906.85 

14000 

0.02 

0.01 

69896.49 

14400 

0.025 

0.0125 

71893.54 

14500 

0.06 

0.03 

72392.80 

14600 

0.08 

0.04 

72892.06 

14800 

0.1 

0.05 

73890.58 

14600 

0.12 

0.06 

72892.06 

* 13600 

Fracture 


67899.45 


St'-ainr - 


PL (0.Q055 r 57914.24) 
EL (O.GD75 r 6290S .95 ) 
YP (0.01, 69S9&.49) 
US (0.05, 73090.53) 
RS (Failure, 67399.45) 


From stresB-strain diagraîn: 

(a) Froportional Lmut = 57,914.24 psi 

(b) Modulus of Eïastioty: 

57014 24 

E = = 10,529,861.32 psi 

0.0055 r 

I = 10,529.86 ksi 

(c) Yieïd Foint = 69,S%.49 pai 

(d) Yield Stiengtli at 0.2% Offset: 
Stiam of Elantie Lmut 



= e at FL + 0.002 
= 0.0055 + 0.002 
= 0.0075 in/in 

The oiïset line wil mss thraugh Q(9ee fìg « i e}: 

Slope of 0.2^n off set 

= £ = 10,529,861.32 psi 

Test for location. 

„ rise 

slope = 

rtm 
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10,529,Sùl.S2 = 


09S9.64 + 4992.Ù1 


run 


nm = 0.00113793 < 0 .0025,. therefore,. 
the requiied point is just 
before YF. 


Glope of EL to YF 
CT t _ 6989.64 
1~ ~ 0.0025 

=2795856 

E, 


2 79o Sd6 


For reqtiired point 
= 4992.61 + c | 

10 5298ál.82= 


2 795S56 

3.76ô2u, =4992.61 + 0] 
cr, = 1S04.S4 psi 


Yieïd Strengtli at 0.2% Offset 
= EL+ O] 

= 62906.85 + 1804.S4 
= 64,711.69 psi 


(e) Ultimate Strengtli = 73,890.58 psi 

(f) Ruptme Sti'engtii = 67,899.45 psi 
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Problem 205 


A uniform bar of length L, cross-sectional area A, and unit mass p is suspended 
vertically from one end. Show that its total elongation is 5 = pgL 2 / 2E. If the total mass 
of the bar is M, show also that 5 = MgL/2AE. 


Solution 205 







V 


1 . 


w. 


5=^ 

AE 

Fran the fgure: 
E = âu 

p = Wv = (pAy)g 
L = dy 

. f3 _ (P A y>g '*/ 
AE 


r -i “i L 


L^JO 


&=^.[l 1 -0 1 ]= PS V/2Z 


Given the total mass M: 
p = M/V = M/AL 

& = PS U/2E=(M/AL)Í£L*/2E) 
5 = MgL/2AE ok! 


ok! 


Aiìother Soíution: 


w 


U2 


The weiglìt wiU act at the centet" of gravity of tlie bar: 
AE 

Where: F = W = '[pA.L:g 

L = L/2 

S - HpALÌg](L/2ì 
AE 


fi = 


= 


2E 




:l 


For you to feel tlie situation, 
position yoiirself in pull-up 
exeicise with your hands on the 
bai anrì yoiu body hang freely 
above tlie grotmrì. I\"otice that 
your amis sttffer all yottr 
tveight and yotir lower borìy 
feíls no stress (center of weight 

is approximately jtist below the chest'). If your hody 
is the bai', the elongation will occtu' at the upper lìalf 
of it. 
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Shearing Deformation 

Shearing forces cause shearing deformation. An element subject to shear does not 
change in length but undergoes a change in shape. 

* : 5 * 


The change in angle at the corner of an original rectangular element is called the shear 
strain and is expressed as 



r-ý 

The ratio of the shear stress x and the shear strain y is called the modulus of elasticity 
in shear or modulus of rigidity and is denoted as G, in MPa. 


G = — 


The relationship between the shearing deformation and the applied shearing force is 


. VL T I 

û 3 = = — 

A.G G 

where V is the shearing force acting over an area A s . 


Poisson's Ratio 

When a bar is subjected to a tensile loading there is an increase in length of the bar in 
the direction of the applied load, but there is also a decrease in a lateral dimension 
perpendicular to the load. The ratio of the sidevvise deformation (or strain) to the 
longitudinal deformation (or strain) is called the Poisson's ratio and is denoted by v. For 
most steel, it lies in the range of 0.25 to 0.3, and 0.20 for concrete. 


z 



V = 



E_ 
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vvhere s x is strain in the x-direction and s y and s z are the strains in the perpendicular 
direction. The negative sign indicates a decrease in the transverse dimension when e x is 
positive. 

BIAXIAL DEFORMATION 

If an element is subjected simultaneously by ensile stresses, o x and a y , in the x and y 
directions, the strain in the x-direction is a x / E and the strain in the y direction is a y / E. 
Simultaneously, the stress in the y direction will produce a lateral contraction on the x 
direction of the amount -v e y or -v a y /E. The resulting strain in the x direction will be 


and 



or a x = 


(E,+VS y )E 

1-v 2 


cj„ c (e^-vsJE 

Eu = — ‘ — v — — or â = — 

E E * 1-v 2 


TRIAXIAL DEFORMATION 

If an element is subjected simultaneously by three mutually perpendicular normal 
stresses a x , a y , and a z , which are accompanied by strains s x , e y , and e z , respectively, 

Gi = y[o r - v(g v + a r )j 
% = y[o y -v(a* + a.)] 

Er= ^-[o- -vía* + a,,)] 

Tensile stresses and elongation are taken as positive. Compressive stresses and 
contraction are taken as negative. 


Relationship Betvveen E, G, and v 

The relationship between modulus of elasticity E, shear modulus G and Poisson's ratio v 
is: 


G = 


E 

2(1 + v) 
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Bulk Modulus of Elasticity or Modulus of Volume Expansion, K 


The bulk modulus of elasticity K is a measure of a resistance of a material to change in 
volume without change in shape or form. It is given as 


3(1 -2v) AV/V 

where V is the volume and AV is change in volume. The ratio AV / V is called volumetric 
strain and can be expressed as 


AV _ a 3(1 -2v) 

~V~ ~K ÊT 


Solved Problems in Shearing Deformation 


Problem 222 

A solid cylinder of diameter d carries an axial load P. Show that its change in diameter is 
4Pv/ TiEd. 


Solution 222 


Y 



The load P can be compi essive or tensile 




V = -- 


Ey = -VE A 



a x 

Sy = -V — — 
£ 

V 2 

S V = V - P 

d 

â AE 

V2 

p 

II 

c 

5 
1 PU 


* Ìnâ-E 


4 Pv 


& _ ok! 

■ X Ed 
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Problem 223 

A rectangular steel block is 3 inches long in the x direction, 2 inches long in the y 
direction, and 4 inches long in the z direction. The block is subjected to a triaxial loading 
of three uniformly distributed forces as follows: 48 kips tension in the x direction, 60 
kips compression in the y direction, and 54 kips tension in the z direction. If v = 0.30 
and E = 29 x 10 6 psi, determine the single uniformly distributed load in the x direction 
that would produce the same deformation in the y direction as the original loading. 


Solution 223 


For triaxial deforniation (tensile triaxial sh’esses): 
(compressive stresses are negative stresses) 



e y = — [a y - v(a T + a,)] 


Cï = 


CJv — 


íjj = 


Pz 

48 


4(2) 

Py 

60 


4(3) 

P. , 

jl 

54 




2(3) 


= 6.0 ksi (tension) 

= 5.0 ksi (compression) 
= 9.0 ksi (tension) 




29 x 1Q C 


[-5000 - 0.30'(6000 - 9000)] 


= -3.276 xlQr^ 


e y is negative, thus tensile force is required in the 
x-direction to produce tìie sanie defomiation in 
the y-direction as tlie original forces. 


For equivalent single foice in the x-direction: 
(uniaxial stress) 



-VS* = Ei/ 



-0.30 1 — î = -3.276 x 10- 1 
l 29x10 V 

Oz = 31 666.67 psi 

<j z = = 31 666.67 

4(2) 

Pz = 253 333.33 Ib (tension) 

Pz = 253.33 kips (tension) 
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Problem 224 


For the block loaded triaxially as described in Prob. 223, find the uniformly distributed 
load that must be added in the x direction to produce no deformation in the z direction. 

Solution 224 

Ez = J [o z - v(Cï + Cy)] 

a A - =6.0 ksi (tension) 
c h - =5.0 ksi (ccmpres5Ìon) 

<Jz = 9,0 ksi (tension) 

s_- = — T [9000 - 0.3(6000 - 5000)] 

£_. = 2.07X10- 5 

£z is positive y thus positive stress is needecl in the x- 
direction to eliininate deformation in z-direction. 

Tlie application of loads is still simultaneoiis: 

(No deformation means zero sh'ain) 

Ej = -^ [o z - v(Oj + Ojr)] = 0 

= v ( q x + ay) 

<j v =5.0 ksi (compression) 

Oz = 9.0 ksi ■) (tension) 

9000 = 0.30(^-5000) 

Ojç = 35 000 psi 

Gaâáed + 6000 = 35 000 
^díàïïï — 2.9 000 psi 

= 29 Q00 

2(4) 

P adied 232 000 
Paiicd = 232 kips 


Problem 225 

A welded steel cylindrical drum made of a 10-mm plate has an internal diameter of 1.20 
m. Compute the change in diameter that would be caused by an internal pressure of 1.5 
MPa. Assume that Poisson's ratio is 0.30 and E = 200 GPa. 
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Solution 225 


cîi,' = longitudiiial stress 
_ pD _ 1.5(1200) 

4 f 4(10) 

CTjj. = 45 MPa 

CTjf = tangential stress 
_ pD _ 1.5(1200) 

2 í 2 ( 10 ) 
cîjt = 90 MPa 





90 

200000 


- o.; 


45 ì 

200000 I 


v 




1.20 m 


thidíness,, 
t = 10 mm 

X 


Ej = 3.825 x 10 -1 


AD 


AD = s x D = (3.825 x 10^)(1200) 
AD = 0.459 nim 


Problem 226 

A 2-in.-diameter steel tube with a wall thickness of 0.05 inch just fits in a rigid hole. 
Find the tangential stress if an axial compressive load of 3140 Ib is applied. Assume v 
0.30 and neglect the possibility of buckling. 


Solution 226 




Ojj = VCTjr 

where u x = tangential stress 

Ojy = îongitudinal stress 
_ P y _ 3140 

~Â ;r(2)(0.05) 
cr,,. = 31400/ n: psi 

Oï = 0.30(31400/3t) 
o.r = 9430/ 71 psi 
Oi = 2298.5 psi 
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Problem 227 


A 150-mm-long bronze tube, closed at its ends, is 80 mm in diameter and has a wall 
thickness of 3 mm. It fits without clearance in an 80-mm hole in a rigid 
block. The tube is then subjected to an internal pressure of 4.00 MPa. Assuming v = 1/3 
and E = 83 GPa, determine the tangential stress in the tube. 


Solution 227 



LongitudÌLial stress: 
pD _ 4(80) 

CTií — 

4f 4(3) 
80 

cfi; = — MPa 
3 


The stïain in the ï-dinection is: 



cfj = VGy = tangential stress 

’âl.T.J 

Cfj = 8.89 MPa 


Problem 228 

A 6-in.-long bronze tube, with closed ends, is 3 in. in diameter with a wall thickness of 
0.10 in. With no internal pressure, the tube just fits between two rigid end walls. 
Calculate the longitudinal and tangential stresses for an internal pressure of 6000 psi. 
Assume v = 1/3 and E = 12 x 10 6 psi. 


Solution 228 


- = 0.10 in y 





3in0 




S.r = — -V— = U 
E E 

ct* = vcm,- = a: -ỳ longitudinal stress 
= fjy -ỳ tangential stress 
= pD_ = 6000(3) 

2f 2(0.10) 

Ui = 90,000 psi 
Oî = vcj, = - 5 - (90,000) 
d[ = 30,000 psi 
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Statically Indeterminate Members 

When the reactive forces or the internal resisting forces over a cross section exceed the 
number of independent equations of equilibrium, the structure is called statically 
indeterminate. These cases require the use of additional relations that depend on the 
elastic deformations in the members. 

Solved Problems in Statically Indeterminate Members 

Problem 233 

A steel bar 50 mm in diameter and 2 m long is surrounded by a shell of a cast iron 5 
mm thick. Compute the load that will compress the combined bar a total of 0.8 mm in 
the length of 2 m. For steel, E = 200 GPa, and for cast iron, E = 100 GPa. 

Solution 233 



AE 

û = 5tasíiFWf = i = 0.S mm 


P 



Bearing Plate 

■Cast Iron P 
t = 5 mm 



^caBt iror. ( 2000 ) 



Pcaitiren — 11 OOOlT 



[|450 2 )](200000) 
Pjìcïï = 50 OOOti N 


TF V = 0 

P — P cflîí íron P SÍCíJ 

P = 11 OOOjc - 50 OOOîl 
P = 61 OOOtc N 
P = 191.64 kN 
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Problem 234 

A reinforced concrete column 200 mm in diameter is designed to carry an axial 
compressive load of 300 kN. Determine the required area of the reinforcing steel if the 
allowable stresses are 6 MPa and 120 MPa for the concrete and steel, respectively. Use 
E co = 14 GPa and E s t = 200 GPa. 


Solution 234 

Ûj, Ô 

í' PL \ _ { PL ) 

{ae) co ',AE J : 



14000 200000 

1 0 Oíj ,:c = 7u s 



\\2ieii Oç, = 120 MPa 
lOOo^ = 7(120) 

cr ÍL -, = S.4 MPa > 6 MPa (not ok!) 

\\2ieii Ocj = 6 MPa 
100(6) = 7o îf 

o îf = S5.71 MPa < 120 MPa (ok!) 

Use o m = 6 MPa and. o sf = 85.71 MPa 

TTv = 0 
Pst + Ptc = 300' 

+ (Jjp 300 

S5.7M Sf + 6[ ji( 200) 2 -A sí ] = 300(1000) 

79.7M Sf + 60 OQOn = 300 000 
A îf = 1398.9 mm 2 


Problem 235 

A timber column, 8 in. x 8 in. in cross section, is reinforced on each side by a steel 
plate 8 in. wide and t in. thick. Determine the thickness t so that the column will 
support an axial load of 300 kips without exceeding a maximum timber stress of 1200 
psi or a maximum steel stress of 20 ksi. The moduli of elasticity are 1.5 x 10 6 psi for 
timber, and 29 x 10 6 psi for steel. 
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Solution 235 



ii 


J k ? 

■ 

t 

' 

■■ 

■■■ 

f 

■■ 

f 

\ t J 

!- | 

■: 


■ ■ . ■■ v . . 



5 íf - 5f 



29xl0 6 l,5x 10 6 


l.SOsf — 29cffijnbsr 


When cjfjmiCT = 1200 psi 
1.5a S f = 29(1200) 

a 3í = 23 200 psi = 23.2 ksi > 20 ksi (not okf) 
Wlien c sf = 20 ksi 

1.5(20 x 1000) ^Oaftprîyft' 

On' m îi C r = 1034.48 psi < 1200 psi (ok!) 

Use a S i = 20 ksi and OíánbiT = 1.03 ksi 
Z?v = 0 

fífííJ + Fiímtcr = 300 
a sf A S f — a HnrìcrA fimtTsr 300 
20[4(8f)] - 1.03(8 : ) = 300 
t = 0.365 in 


Problem 236 

A rigid block of mass M is supported by three symmetrically spaced rods as shovvn in fig 
P-236. Each copper rod has an area of 900 mm 2 ; E = 120 GPa; and the allovvable stress 
is 70 MPa. The steel rod has an area of 1200 mm 2 ; E = 200 GPa; and the allovvable 
stress is 140 MPa. Determine the largest mass M vvhich can be supported. 


Figure P-236 and P-237 
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Solution 236 



y W = Mg 



íf! -ffì 

'■■■ ^ Jco v F ,'si 
0,(160) _ o s ,(240) 
120000 200000 


ô 


10o cc . = 9o £f 
When Os* = 140 MPa 


o^ = i (140) 


Oju = 126 MPa > 70 MPa (not ok1) 
Wl’ien Olp = 70 MPa 
o 5í = -f (70) 

Osí = 77.73 MPa < 140 MPa (ok!) 

Use o, :iJ = 70 MPa and o sf = 77.78 MPa 

T.Fv = 0 

2Pq? - Ps* = W 

2 (oafAc) + asfA 3í = Mg 

2 [70 (900)] + 77.78(1200) = M(9.31) 

M = 22 358.4 kg 


Problem 237 

In Prob. 236, how should the lengths of the two identical copper rods be changed so 
that each material will be stressed to its allowable limit? 

Solution 237 

Use On? = 70 MPa and Oîf = 140 MPa 


70L- C = 140(240) 

120000 200000 
Lcp = 288 mm 

Problem 238 

The lower ends of the three bars in Fig. P-238 are at the same level before the uniform 
rigid block weighing 40 kips is attached. Each steel bar has a length of 3 ft, and area of 
1.0 in. 2 , and E = 29 x 10 6 psi. For the bronze bar, the area is 1.5 in. 2 and E = 12 x 10 6 
psi. Determine (a) the length of the bronze bar so that the load on each steel bar is 
twice the load on the bronze bar, and (b) the length of the bronze that will make the 
steel stress twice the bronze stress. 
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Solution 238 



(a) Condition: P_r f = 2 P}, r 
LFv= 0 
2 P a + Ptr = 40 
2(2Pbr) + Ptr = 40 
P&r = 8 kips 
P sí = 2(8) = 16 kips 


5^ - 5 íf 



8 OOOLj^ _ 16000(3x12) 

1.5(12xl0 6 ) 1.0(29 xlO 6 ) 

Lfrr = 44.69 m 
Ltr = 3.72 ft 


(b) Condition: a sf = 2oi jr 
ZFv = 0 
2P S f + Pir = 40 
2(cr sf A sf ) + oj, r Atn- = 40 
2[(2cjit) AsJ - ObfAtr = 40 
4cfb- (1.0) + Obr (1.5) = 40 
Otr = 7.27 ksi 
c sf = 2(7.27) = 14.54 ksi 


StT - S st 



727(1 000) L ir _ 14.54 (1000) (3x12) 
12 x 10 ú 29x 10 6 

Ltr = 29.79 in 
Llt = 2.48 ft 


Problem 239 

The rigid platform in Fig. P-239 has negligible mass and rests on two steel bars, each 
250.00 mm long. The center bar is aluminum and 249.90 mm long. Compute the stress 
in the aluminum bar after the center load P = 400 kN has been applied. For each steel 
bar, the area is 1200 mm 2 and E = 200 GPa. For the aluminum bar, the area is 2400 
mm 2 and E = 70 GPa. 
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Figure P-239 


Solution 239 



+ 0.10 




uJ250) _ a tì (249.90) 


200 000 


70000 


+ 0.10 


0.00 125 Uç, = 0.003 57a ff ; + 0.10 
a s * = 2.S56asi + S0 



SF v = 0 

2P s t + Pa = 400 000 

2a S í + a^î Ti.tj = 400 000 

2(2.S56a ri + 80)1200 + a flE (2400) = 400 000 

9254.4a ri + 192 000 = 400 000 

a „ i = 22.48 MPa 


Problem 240 

Three steel eye-bars, each 4 in. by 1 in. in section, are to be assembled by driving rigid 
7/8-in.-diameter drift pins through holes drilled in the ends of the bars. The center-line 
spacing between the holes is 30 ft in the two outer bars, but 0.045 in. shorter in the 
middle bar. Find the shearing stress developed in the drip pins. Neglect local 
deformation at the holes. 
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Solution 240 


Middle bar is 0.045 inch shorter between holes than 
outer bars. 


0 



Greatly Exaggerated 
Position of Holes 


ûmri Snutcf 



0.045 


SFh = 0 

F mid ~ ohjít 


Spafcr Siníjj 0.045 



= 0.045 


F Kar (30xl2) ' ^(30*12-0.045) = Q Q4g 
[1.0(4. 0)]E [1,0(4.0)]E 

360P OHftr + 359.955?.^ = 0.18E 
360Poufer + 359.955(2Pauter) = 0.1 SE 
(For steel: E = 29 x 106 psi) 


1079.91P clííír = 0.18(29 x 10 6 ) 
P™^ = 4833.74 lb 


P md = 2(4833.74) 
P m!rf = 9667.48 lb 


Use shear force V = P^ 

Shearing stress of clrip pins (double shear): 

. V _ 9667.48 
A 2H0 1 ] 
x = 8038.54 psi 

Problem 241 

As shown in Fig. P-241, three steel wires, each 0.05 in. 2 in area, are used to lift a load 
W = 1500 Ib. Their unstressed lengths are 74.98 ft, 74.99 ft, and 75.00 ft. (a) What 
stress exists in the longest wire? (b) Determine the stress in the shortest wire if W = 
500 Ib. 
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Solution 241 


Let Li = 74.98 ft; L 2 = 74.99 ft; and L 3 = 75.00 ft 




Bring Li and L 2 into Lj = 75 ft length: 
(Foi steel: E = 29 x 106 psi) 


o = 


PL 


AE 


For Li: 

(75 - 74.98) (12) 


Pi (74.98x12) 
0.05(29 xlO 6 ) 


P i = 386.77 lb 



For Li 

(75 - 74.99) (12) 
P 2 = 193.36 lb 


P 2 (74.99 x 12) 
0.05(29x10®) 


Let P = P 3 (Load carried by I 3 ) 

P + Pz (Total load caiiied by L 2 ) 
P + Pi (Total load carried by Li) 

ZFv = 0 

(P + P0 + (P + P 2 ) + P = W 
3P - 336.77 + 193.36 = 1500 
P = 306.62 lb = P 3 


P 3 306.62 

o 3 = — = 

A 0.05 

05 = 6132.47 psi 


(b) Froni the above solution: 

Pi + P: = 580.13 lb > 500 lb (Ls carries no Load) 


Bring Li into L 2 = 74.99 ft 
5 = — (74.99 - 74 .98) (12) 


Pi = 193.38 lb 


Pj (74.98x12) 
0.05(29x10°) 


Let P = P 2 (Load carried by L?) 

P + Pi (Total load carried by L 2 ) 


TFv = 0 

(P + Pi) + P = 500 
2P + 193.38 = 500 
P = 153.31 Lb 


P + Pi = 153.31 + 193.38 
P + Pi = 346.69 Lb 

P + P L 346.69 

o = = 

A 0.05 
o = 6933.8 psi 
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Problem 242 

The assembly in Fig. P-242 consists of a light rigid bar AB, pinned at O, that is attached 
to the steel and aluminum rods. In the position shown, bar AB is horizontal and there is 
a gap, A = 5 mm, between the lower end of the steel rod and its pin support at C. 
Compute the stress in the aluminum rod when the lower end of the steel rod is attached 
to its support. 


Fìgure P-242 


L 

0.75 íïi 

1.5 m 



ot 


B 




) 


_A. 




Steel Aluminum 

A = 250 miTi 2 L = 2 m 

E = 200 GPa A = 300 mm 3 



Solution 242 



A - Ô S í + 5 a 
5 = Sj* + 0.55 „î 

5 _ CT a (2000-5) + ^ J a ri (2000) 
250(200000) ' [300(70000) 

5 = (3.99 x 10^) a s t + (4.76 x 10“ 5 ) 
tj ai = 105 000 - 0,83790^ 
t = 105 000 - 0.8379(2.4^;) 
3.010960^ = 105 000 
o ai = 34 872.6 MPa 


IMc = 0 
0.75P ;f = l.SPffi 
Psf = 2P rJ 

7ìs; — 2(tJ a ; 2Ì fli ) 

_ _ 2(affiA ai ) 

_ _ 2^ (300)] 

Gsî ~ 

250 

Osf = 2.4a r j 
6«; = 6e 

Bv ratio and proportion: 


0.75 1.5 

5 a = 0.55b 
ûa = 0.55aï 


http://librosysolucionarios.net 


Problem 243 


A homogeneous rod of constant cross section is attached to unyielding supports. It 
carries an axial load P applied as shown in Fig. P-243. Prove that the reactions are given 
by Ri = Pb/L and R 2 = Pa/L. 


Figure P-243 


Ri 


■ a -t4« 


R 2 


Solution 243 


L = a -l- b 


Ri 


l< 


1 



> P 


^ -j. 

* O * 


Ri— ►' 

1 

1 



Ri 


Ri 




Ri 


ZFh- 0 

+ IÏ2 = P 
Ri = P — R i 

5j = = 6 


f PL ) 

( PL ) 

\ ae Ji 

VAE.J; 


iìjfl _ R 2 b 
AE AE 
Rír - 


R 2 = P-Pb/L 

r - *<*■-*> 
R2_— r“ 

R 2 = Pa /I 


Eib = (P - Ri)b 
Rifl = Pb — Rib 
Pi(fl + b ) = Pb 
RiL = Pb 
Ri = Pb/L 


ok! 


ok! 


http://librosysolucionarios.net 


Problem 244 

A homogeneous bar with a cross sectional area of 500 mm 2 is attached to rigid 
supports. It carries the axial loads P1 = 25 kN and P2 = 50 kN, applied as shown in Fig. 
P-244. Determine the stress in segment BC. (Hint: Use the results of Prob. 243, and 
compute the reactions caused by Pi and P 2 acting separately. Then use the principle of 
superposition to compute the reactions when both loads are applied.) 


A B 

C D 

i — > ~ 

I, ^ 


l Pl 

X , 

0.60 m 1 LZO m 

n 0.90 m 


Figure P-244 


Solution 244 


k 2.70 m 

1 

A B 

C C 

h—»25~ 

1—^50 <N 



0.60 m 1.20 m 

_± „ 

^ 0,90 m 


From the result of Prob. 243: 
Ri = 25(2,10)/2.70 
Ri = 19.44 kN 

R 2 = 50(0,90)/2.70 
= 16.67 kN 





Ri 


25 kN 



R/l — J?i — J?2 

Ra = 19.44 + 16.67 
R a = 36.11 kN 

For segment BC 
Pbc + 25 = R* 

Pbc + 25 = 36.11 
Pbc= 11.11 kN 

_ P EC 11.11(1000) 


c > BC = 22.22 MPa 
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Problem 245 


The composite bar in Fig. P-245 is firmly attached to unyielding supports. Compute the 
stress in each material caused by the application of the axial load P = 50 kips. 


Steel 

JMuíïiirijm A - 2.0 in 2 

A = 1.25 ir 2 E = 29 x 10 6 psi 


E = 10 x 10 psì 


bm 



[ J 

1, 

z. 

■ 15 in 

10 ín 



Figure P-245 and P-246 


Solution 245 

Uh = 0 

Ri + R 2 50 000 
Ri = 50 000 - R 2 



5iîJ û íf S 



R l (15) = R 2 (10) 

1.25(10 xlO 6 ) 2.0(29x10“) 
R 2 = ó.96Ri 
R 2 = 6.96(50 000 - R 2 ) 

7,96R 2 = 348 000 
R 2 = 43 718.59 lb 


R 2 43718.59 

a sf = — — = 

A sf 2.0 

a sf = 21 859.30 psi 

Ri = 50 000 - 43 718.59 
Ri = 6281.41 lb 

R, 6281.41 

arj = — - = 

A d 1.25 

cjrj = 5025.12 psi 


http://librosysolucionarios.net 


Problem 246 

Referring to the composite bar in Prob. 245, what maximum axial load P can be applied 
if the allowable stresses are 10 ksi for aluminum and 18 ksi for steel. 


Solution 246 



5*t = &al = 5 


í OL ì =í 

aL \ 

UJ, i 

■ E Jd 



29x10" 

lOx 10 ô 


a s , = 4,35o d 


V\lien < j 3 ; = 10 ksi 
a st = 4,35(10) 

Ojf = 43.5 ksi > 13 ksi (not ok!) 

VMien a ír = 1S ksi 
1S = 4.35 oíiî 

Oj,: = 4,14 ksi <10 ksi (ok!) 


Use Osi = 4.14 ksi and o 5 * = 18 ksi 


Uh=0 
P = Jìi + ÍÌ2 
P = Oa;j4s; + Osíi^sf 
P = 4.14(1.25) + 18(2.0) 
P = 41.17 kips 


Problem 247 

The composite bar in Fig. P-247 is stress-free before the axial loads P1 and P2 are 
applied. Assuming that the walls are rigid, calculate the stress in each material if Pi = 
150 kN and P 2 = 90 kN. 


Aluminum 
A = 900 mnd 
E = 70 GPa 


Steel 

A = 2000 mrrd 
E = 200 GPa 


Bronze 

A = 1200 mm 1 
E = 83 GPa 


Pi 




•br__+ 


500 mm Z50 mm 350 mm 


Figure P-247 and P-246 
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Solution 247 


RiJ 

150 kN 

90 kN 


+ 



í ï" 

■í jt 

í ïr 


5í H} íïim 1 

1 

250 mm 

1 

350 mm 

Ri 

1 

Ri 


— H 

1 1.13 

1 

1 ' 







150 -Ri ■* i 


— > 


U' 


240 - R x ^ 

r 1 


150 - Ri 


From the FBD of each material shown 
5 ff : is shortening 
S 5Í and ò t , ai'e lenglhening 
Ba = 240 - Ri 
Pji! = Pl 
P st = 150 - Ri 
Plt = R? = 240 — I?i 


R 2 


^nl ^Lt 


PL 


.1 - 


AE ) (,3 


PL 

~ÂÊ 


) + f— ì 

L U e.L 


R, 


R x (500) = (150- PJ (250) 

900(70000) 2000(200000) 

, (240-^^(350) 
1200(83000) 
150-1?! (240 -^^7 


126000 1600000 


1992000 


£*i = ^(150-^0 + ^(240 -Rù 

(-k + W> ~ W )* = W í 15 °) + ^BT ( 24 °> 
Ri = 77.60 kN 


Pj; = Pl = 77.60 kN 

P st = 150 - 77.60 = 72.40 kN 

P h - = 240 - 77.60 = 162.40 kN 

u = P/A 

u ai = 77.60(1000)/900 
= 86.22 MPa 

a Sf = 72.40(1000)/ 2000 
= 36.20 MPa 

cjlt = 162.40(1000)/ 1200 
= 135.33 MPa 


Problem 248 

Solve Prob. 247 if the right wall yields 0.80 mm. 
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Solution 248 


Aluminum steel Bronze 




i 



90 kN ! 

150 kN 


1 

1 

500 mm 

250 rmm 

350 mm 1 



150,000 - R, • 




5« 

240,000 - R x 


150,000 - iîi 


H h- 

5 b , - 0.8 n 1 


5flî - 5 íf + (Sfr,- + 0.8) 



1^(500) 

900(70000) 


+ 


PL_ 

AEJ 


Sí 



+ 0.8 


_ (150000 -RjpjO) 
2000(200000) 
(240000-^^(350) +og 
1200(83000) 


Rj _ 150000 - 

126000 1600000 

7(240000 -K.) „„ 

+ — — + 0.8 

1992000 


^^=^( 150000 -^ 1 ) 

+ -fa (240000 - Ri) - 1600 

C^ + W + ^)^=ÊS0(15OOOO) 
+ -îg (240000) + 1600 
Ri = 143 854 N = 143.854 kN 


P ai = Ri = 143.854 kN 

P st = 150 - Ri = 150 - 143.854 = 6.146 kN 

P* = R 2 = 240 - Ri = 240 - 143.854 = 96.146 kN 

o =P/A 

<3 at = 143 .8 54(1000)/ 900 
= 159.84 MPa 

o, t = 6.146(1000)/2000 
= 3.073 MPa 

ot r = 96.146(1000) / 1200 
= 80.122 MPa 


Problem 249 

There is a radial clearance of 0.05 mm when a steel tube is placed over an aluminum 
tube. The inside diameter of the aluminum tube is 120 mm, and the wall thickness of 
each tube is 2.5 mm. Compute the contact pressure and tangential stress in each tube 
when the aluminum tube is subjected to an internal pressure of 5.0 MPa. 
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Solution 249 



Intemal presstire of alitmmitm tube to cause 
contact with the steel: 


0.05 mm 


Sleel Tube r 
t = 2.5 mm 

Aluminum, 
t = 2.5 mm 


ûfid 


= 

l E L 


Center lire of 
aluminum at 
first contact 
witfi Ihe steel 



7t(122.6 - 122.5) = 

ql = 57.143 MPa 
= 57.143 

^ íl20) = 57.143 


g 1 (122.5rc) 

70000 



FBDforp> 2.381 MPa 

Defoìmatlon of sted 



2(2.5) 

pi = 2.3S1 MPa 

-ỳ pressui’e that 
caitses alumimmi to contact 
with the steel, furtlier increase 
of pressure will expand hotli 
altiminnm and steel tnbes. 

Let = contact pressure behveen steel and 
alumimtm tubes 


2P si + 2P ai = F 

2Psr + 2Pai = 5.0(1 20. 1)(1) 

Pst + Pitj = 300.25 -ỳ Equation (1) 

Tlie relationship of deformations is 
(from tlie figtire); 

5 S f = 127.69 
0 =ô ít / 127.6 


k- 122.5 


Deformation of aluminum 


h — 127.6 — 

Geojuetric relation of deformations 


S d = 122.50 

ùfj = 122.5 (5 £( / 127.6) 


5^1 = 0.96S sf 
ÍPL 


AE 


= 0.96: 


f P L ') 

ÂÊJ 


PJUZ5*) =0% 

2.5(70000) 

Pflî = 0.35P i( 


■Sf 

P st (127.6tr) " 
2.5(200000) 

-ỳ Eqttation (2) 


Fc = pc{ 125.1X1) 



Fi'orn Equation (1) 

P st + 0.35P if = 300.25 
P si = 222.41 N 

P s : = 0.35(222.41) 

Psj = 77.84 N 

Contact Force 


F c + 2P sf = F 


p c (125.1)(1) + 2(77.84) = 5(120.1)(1) 
p c = 3.56 MPa 
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Problem 250 

In the assembly of the bronze tube and steel bolt shown in Fig. P-250, the pitch of the 
bolt thread is p = 1/32 in.; the cross-sectional area of the bronze tube is 1.5 in. 2 and of 
steel bolt is 3 á in. 2 The nut is turned until there is a compressive stress of 4000 psi in 
the bronze tube. Find the stresses if the nut is given one additional turn. Flow many 
turns of the nut will reduce these stresses to zero? Use Ebr = 12 x 10 6 psi and Est = 29 
x 10 6 psi. 


-v -v-vv v -v 1 , 1 v -v/v v/ 


L = 4Í> în. 
Fìgure P-250 



Solution 250 

Pst = Per 

A sf ~ Ph r 

■§ a sf =1.5 at,- 

CFit = 2 <3br 



For one tmn of the nut: 

Ssf + Sbi' = 


í aL ' 

ì +f° L ì 

Ix 

l { E l 


^Í40ì + g Sf (40) = _1_ 
29xl0 6 12xl0 6 32 

a ît + -§ Oì r = 22 656.25 

2a* + -f a tr = 22 656.25 

ai jr = 5129.72 psi 

Osf = 2(5129.72) = 10 259.43 psi 


Initial sti'esses: 
abr = 4000 psi 
as, = 2(4000) = 8000 psi 

Final stresses: 

Oir = 4000 + 5129.72 = 9129.72 psi 
a £f = 2(9129.72) = 18 259.4 psi 


Reqttired nnmber of turns to reduce ov, to zero: 


jî = 


9129.72 

5129.72 


= 1.78 tums 


Tlie riut must be turned back by 1.78 tums 
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Problem 251 

The two vertical rods attached to the light rigid bar in Fig. P-251 are identical except for 
length. Before the load W was attached, the bar was horizontal and the rods were 
stress-free. Determine the load in each rod if W = 6600 Ib. 



Solution 251 


Enpfori 0 

4 Pa + SPe = 10(6600) 

P A + 2P b = 1Ó500 4 (1) 



P A = 0 .75P b 


From equation (1) 
0.75Pb + 2Pb = 16500 
Ps = 6000 Ib 


P A = 0.75(6000) 
P A = 4500 lb 


Problem 252 

The light rigid bar ABCD shown in Fig. P-252 is pinned at B and connected to two 
vertical rods. Assuming that the bar was initially horizontal and the rods stress-free, 
determine the stress in each rod after the load after the load P = 20 kips is applied. 
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4ft 


A fi 


Aluminunn 
L = 4 ft 
A = 0.75 in 2 
E = 10 x 10 s psi 




W 


ifr 

k- 


Steel 
L= 3 ft 
A = 0.5 in? 


psi 


2 ft 


2 ft 


'ir P 


Figure P-252 


Solution 252 


ZMb = 0 


4P a ; + 2 Psi = 4(20 000) 

4(<Jnj Ajf’) + A S f = S0 000 

4 [am (0.75)] + 2[<j tì (0.5)] = 80 000 
3a r j + = 80 000 (1) 

_ ô gí 
2 4 



o^f O.SSj’ 


f^ì =0.5j^ì 
V E J si { E J 


= 

29xl0 6 


&sf "25" 


0.5 


pjý 

lOxlO 6 


From equation (1) 
3tJtì+ H Oai = 80 000 

cïrj = 16 216.22 psi 
a r j = 16.22 ksi 


a 5f = § (16.22) 
a sf = 31.35 ksi 


Problem 253 

As shown in Fig. P-253, a rigid beam with negligible weight is pinned at one end and 
attached to two vertical rods. The beam was initially horizontal before the load W = 50 
kips was applied. Find the vertical movement of W. 
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Brorze 



Solution 253 



SiVTtíiJî snprarf 0 

3Pìt + 12 P st = 3(50 000) 

3P ìr + 12P* = 400 000 ->(!} 



P a (10) 

0.5(29x10*) 


= 4 


P t r(3) 
2(12 xlO ô ) 


P st = 0.725P* 


From equation (1) 

3P ìr + 12(0.725Ppr) = 400 000 
Pir = 34 1SS.03 Ib 

g = ( Pb "'j 34188.03(3x12) 

UeJit 2(12x10*) 

6^ = 0.0513 in 
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5 W _ 5 ìr 

8 3 

Sjv= -|- Otr 

ò w = f (0.0513) 
òjv = 0.1368 in 

Check liy 8 S f: 

P ít = 0.725P* = 0.725(34 188.03) 

P £t = 24 786.32 lb 

í-ì 

IaeA, 

24 786.32(10 x 12) 

0.5(29 x 10 È ) 

0.2051 m 

5 TV _ ^5Í_ 

8 12 
= ■J 5;;i 

5tv= I (0.2051) = 0.1368 in ok! 

Problem 254 

As shovvn in Fig. P-254, a rigid bar with negligible mass is pinned at O and attached to 
two vertical rods. Assuming that the rods were initially tress-free, what maximum load P 
can be applied without exceeding stresses of 150 MPa in the steel rod and 70 MPa in the 
bronze rod. 


S st = 

Ssí = 
Ssi = 


Fignre P-254 


2 m 1.5 m 1.5 m 
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Solution 254 


ZM o = 0 
2 P = 1.5P* + 3 P* 

2 P = 1.5(0*,^^) + 3(a*A*) 

2P = 1.5[cFîf (900)] + 3[otr (300)] 
2P = 1350a ír + 9000* 

P = 675 Oîf + 450a* 



5 &r _ 

3 1.5 


5* = 26 st 



83 



olt = 0 , 622 ^CFïf 


When a 3f =150 MPa 

a* = 0.6225(150) 

a* = 93.375 MPa > 70 MPa (not ok!) 

When a* = 70 MPa 
70 = 0.6225a st 

a s} = 112.45 MPa < 150 MPa (ok!) 

Use a s} = 112.45 MPa and a* = 70 MPa 

P = 675c> 5f + 450(1* 

P = 675(112.45) + 450(70) 

P = 107 403.75 N 
P = 107.4 kN 


Problem 255 

Shown in Fig. P-255 is a section through a balcony. The total uniform load of 600 kN is 
supported by three rods of the same area and material. Compute the load in each rod. 
Assume the floor to be rigid, but note that it does not necessarily remain horizontal. 
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Solution 255 



ÒA = 5c + 5i 5g = 5t ^ 


5e ~ 5 c + S2 


S2 = 5e — 5c 
5^ _ ^2 

~ó~ T J 


Si — 3Ss 


Sji — 5c + Si - Sc + 3 û2, 


Sa = 5c + 3(Ss — Sc) 
Sa = 3Sb — 2Sc 


f P1 ì -s| 

■ PL 

U EJa 



PJ5) _ 3P,<6) 
AE AE 



2P C (6) 


AE 


P a = 3.6P e -2AP c 4 (1) 

[TFy = 0] Pa + Pb + Pc= 600 

(3.6P b - 2.4P C ) - P B - Pc = 600 
4.6P b -1.4P c = 600 4(2) 


[EMa = 0] 4Pe + 6P C = 3 (600) 

Pfl = 450 - 1.5P C 4 (3) 


Substitiite Pe = 450 - 1.5Pc to (2) 
4.6(450 - 1.5P C ) - 1.4P C = 600 
S.3Pc = 1470 
P c = 177.11 kN 
From (3) 

Pfl = 450 - 1.5(177.11) 

Pfl = 184.34 kN 
From (1) 

Pa = 3.6(184.34) - 2.4(177.11) 
Pa = 238.56 kN 


Problem 256 

Three rods, each of area 250 mm2, jointly support a 7.5 kN load, as shown in Fig. P- 
256. Assuming that there was no slack or stress in the rods before the load was applied, 
find the stress in each rod. Use E st = 200 GPa and E br = 83 GPa. 
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Solution 256 


cos 25° 


2.75 

^br 


L. jr = 3,03 m 



ZFv=0 

2P lr cos 25° + P sí = 7.5(1000) 

P £f = 7500 - 1.8126?^ 

CÏ£ f 7lsí = /5Û0 1 .51 260^' Tlêf’ 
a íf (250) = 7500 - 1.8126[crw (250)] 


a„ = 30 - 1,5126 c ir -ỳ (1) 


cos 25° 


. s tr 


5^ = 0.9063 S st 


m. 

= 


0.9063 


(f 


0.9063 


a sí (2.75)' 


83 L 200 

obr = 0.3414a sf -ỳ (2) 

From equatìon (1) 

Ost = 30 - 1.8126(034140«) 
0 « = 18.53 MPa 


From equation (2) 
obr = 0.3414(13.53) 
afr = 6.33 MPa 
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Problem 257 


Three bars AB, AC, and AD are pinned together as shown in Fig. P-257. Initially, the 
assembly is stressfree. Horizontal movement of the joint at A is prevented by a short 
horizontal strut AE. Calculate the stress in each bar and the force in the strut AE when 
the assembly is used to support the load W = 10 kips. For each steel bar, A = 0.3 in. 2 
and E = 29 x 10 6 psi. For the aluminum bar, A = 0.6 in. 2 and E = 10 x 10 6 psi. 
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Solution 257 


cos 40° = 10 / Lab ; Ue = 13.05 ft 
cos 20° = 10 / Lad; L jW = 10.64 ft 



IFv = 0 

Pab cos 40° + P AC + Pxd cos 20° = 10(1000) 
D.7660Fae + Pac + 0.9397P w = 10 000 4 (1) 


5_ae — cos 40° 5 ac — 0.7660 o AC 


{ PL ì 

UeJ« 


= 0.7660 



^ (13 '° 5) =0.7660 ^ (10) 

0.3(29x10°) 0.6(10x10°) 

Pab = O.SôIIPac -ỳ (2) 


5_ad cos 20° Sac — 0.9397 Sac 


PL 

.AE 


= 0.9397 


.iû 


PL_ ï 

,'ac 


(10.64) 
0.3(29xl0 â ) 
Pad = 1,2S06Pac 


= 0.9397 


F^c(lO) 

0.6(10 xlO 5 ) 

4 ( 3 ) 


Substitute Pjjs of (2) aud P.ad of (3) to (1) 

0, 7660 (0.8511 P.ac) + Pac + 0.9397(1.2806?^) = 10 000 
2,8553P_ac = 10 000 
Pac = 3 502.23 Ib 


Pab = 0.8511(3 502.23) -ỳ from (2) 

Pab = 2 980.75 lb 

Pad = 1 -2806 (3 502 . 23) 4 from (3) 

Pac = 4 484.96 lb 


Stresses: 
o = P/A 

Oab = 2980.75/0.3 = 9 935.83 psi 
cjac = 3502.23/0,6 = 5 837.05 psi 
c>ad = 4484.96/0.3 = 14 949.87 psi 

SFh = 0 

Pae + Pac sbi 20° = P,ìb sin 40° 

Pae = 2 980.75 sin 40° - 4 484.96 sin 20° 
Pae = 382.04 lb 
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Thermal Stress 

Temperature changes cause the body to expand or contract. The amount 8 T , is given by 

6r = aL{Tj- Ti ) = aL AT 


where a is the coefficient of thermal expansion in m/m°C, L is the length in meter, and 
Tj and T f are the initial and final temperatures, respectively in °C. 

For steel, a = 11.25 x 10“ 6 / °C. 

If temperature deformation is permitted to occur freely, no load or stress will be 
induced in the structure. In some cases where temperature deformation is not 
permitted, an internal stress is created. The internal stress created is termed as thermal 
stress. 

For a homogeneous rod mounted between unyielding supports as shown, the thermal 
stress is computed as: 


Ỳsý' 



deformation due to temperature changes; 


5t = <xLAT 

deformation due to equivalent axial stress; 


PL g L 

ûf= = — 

AE E 


6r - 

0íLiT= — 

E 

<j = E a A T 

where a is the thermal stress in MPa and E is the modulus of elasticity of the rod in MPa. 
If the wall yields a distance of x as shown, the following calculations will be made: 
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ûz = x + 5p 


aL AJ = x 


aL 

E 


where g represents the thermal stress. 

Take note that as the temperature rises above the normal, the rod will be in 
compression, and if the temperature drops below the normal, the rod is in tension. 

Solved Problems in Thermal Stress 


Problem 261 

A steel rod with a cross-sectional area of 0.25 in 2 is stretched between two fixed points. 
The tensile load at 70°F is 1200 Ib. What will be the stress at 0°F? At what temperature 
will the stress be zero? Assume a = 6.5 x 10" 6 in / (in-°F) and E = 29 x 10 6 psi. 


Solution 261 


1200 lb 



For tlie stress at 0°C: 
6 = S, + S £f 


1200 lb 


53 


û-rt |“ 


f 

c = a E(AT) + — 

A 

a = (6.5 x 10“ 6 ) (29 x 10«) (70) + 
o = 17 995 psi = 18 ksi 


1200 

0.25 


1200 b 


1200 Ib 


For tlie tempemture tliat causes zero sti'ess: 


5 * U 


ÙT “ Ost 


otXÍAT) = 

^ ' AL 


(6.5 x 10~ 6 )(T - 70) = 1200 ri 

0.25(29x10°) 

T = 95,tó°C 
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Problem 262 


A steel rod is stretched between two rigid walls and carries a tensile load of 5000 N at 
20°C. If the allowable stress is not to exceed 130 MPa at -20°C, what is the minimum 
diameter of the rod? Assume a = 11.7 nm/(m-°C) and E = 200 GPa. 


Solution 262 


50C0 M 


5000 N 



— =a\{Á T) + 

E 


AE 


a = aE(AT) + — 

A 

130 = (11.7 x 10 -fi )(20D 000) (40) + 
5000 


36.4 


137.36 mm 2 


5000 

A 


■|n d 2 = 137.36; â = 13.22 rnm 


Problem 263 

Steel railroad reels 10 m long are laid with a clearance of 3 mm at a temperature of 
15°C. At what temperature will the rails just touch? What stress would be induced in the 
rails at that temperature if there were no initial clearance? Assume a = 11.7 |im/(m-°C) 
and E = 200 GPa. 

Solution 263 

Temperature at wliich 5j = 3 mm: 

5r = otL(AT) 

5 r = aLÇTf- Tj) 

3 = (11.7 >= 10 -ô )(10 000) (T/- 15) 

Tf = 40.64°C 

Required stress: 

5 = 07 

Ỳ = 

c = aEÇlf- Ti) 

c = (11.7 x 10 -b )(200 000) (40.64 - 15) 
cr = 60 MPa 

Problem 264 

A steel rod 3 feet long with a cross-sectional area of 0.25 in. 2 is stretched between two 
fixed points. The tensile force is 1200 Ib at 40°F. Using E = 29 x 10 6 psi and a = 6.5 x 
10' 6 in./(in.-°F), calculate (a) the temperature at which the stress in the bar will be 10 
ksi; and (b) the temperature at which the stress will be 
zero. 
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5 = 3 mm 


— 

10 m Ot = 3 íïim 


Solution 264 


(a) Without temperature clxange: 
o = P/A = 1200/0.25 = 4800 psi 
o = 4.8 ksi < 10 ksi 

A drop of tempemture is needed to mcrease the 
stress to 10 ksi. See accompanying figure. 

5 = 8r 


, 1 

1200 lb 

h) 

1200 Ib 

H 

J 

4 

&T 

e* 1 


U L J 



= a%(AT) -i- 
E AE 


q = aE(AT) + — 

A 

10 000 = (6.5 x 10"*) (29 X 10°) (AT) - 


1200 

0.25 


A T = 27,59°F 


1200 liì 


— 


Required temperature: 
{temperature must dnop from 40 = F) 
T = 40 - 27.59 = 12.41' °F 


1200 


(b) From the figure below: 

6 = S r 

— = a\{AT) 
AE 


dT 


P = aAE{T f - Tj) 

1200 = (6.5 x 10” a )(0.25) (29 x 10°)(T f - 40) 
T/= 65.46°F 


Problem 265 

A bronze bar 3 m long with a cross sectional area of 320 mm 2 is placed between two 
rigid walls as shown in Fig. P-265. At a temperature of -20°C, the gap A = 25 mm. Find 
the temperature at which the compressive stress in the bar will be 35 MPa. Use a = 

18.0 x 10 -6 m/(m-°C) and E = 80 GPa. 


Fïgure P-265 



Solution 265 




L = 3 m 


& 

-t V 






Á = 2.05 mm 




5 7 — 5 + A 

aL(AT) = + 2.5 


(18 x 10 _a )(3000)(AT) = 


35(3000) 

80000 


+ 2.5 


AT = 70,Ó°C 
I = 70.6 - 20 
T = 50.6°C 
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Problem 266 

Calculate the increase in stress for each segment of the compound bar shown in Fig. P- 
266 if the temperature increases by 100°F. Assume that the supports are unyielding 
and that the bar is suitably braced against buckling. 


Aluminum 
A = 2.0 in 1 
E = 10 x L0 6 psi 
ct = 12.8 x ÌO’V’F 


Sttd 

A m l.S r? 
EsM< lû^pa 
a=6.5x 1 C' 4 /T 




B 

1 



10 in 

y 

15 in 


Fïgure P-266 


Solution 266 


L* U 



rn 

1 

1 

i 

i 


, >i 


e- 1 

10 in 

15 in 


5 r = a-L A T 

5n(sf) = (6.5 x 10' ò ) (15)(100) 
ôn>o = 0.00975 

5 w = (12.8 x 10" È )(10)(100) 

3 jfrtirj = 0.0128 ïii 


6st + - 5x( S tì + 6jKdi!> 


— ì + í — j = 0.00975 + 0.0128 
AE.) S{ { AE) aì 


where P = P s; = P„j 
P(15) s P(10) 
1.5(29xl0 6 ) 2(10xl0 é ) 


= 0.02255 


P = 26 691.84 psi 


P 

a = — 

A 


26691.84 


a 5 + = 

1.5 

a,-j ~ 

26691.84 


= 17 794.56 psi 
= 13 345.92 psi 
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Problem 267 

At a temperature of 80°C, a steel tire 12 mm thick and 90 mm wide that is to be shrunk 
onto a locomotive driving wheel 2 m in diameter just fits over the wheel, which is at a 
temperature of 25°C. Determine the contact pressure between the tire and wheel after 
the assembly cools to 25°C. Neglect the deformation of the wheel caused by the 
pressure of the tire. Assume a = 11.7 nm/(m-°C) and E = 200 GPa. 


Solution 267 



5 = Sj 
PL 


aL AT 


AL 

P = a AT AE 

P = (11.7 x 10-*)(B0 - 25) (90 x 12) (200 000) 
P = 138 996 N 


F = 2P 
pDL = 2P 

p (2000) (90) = 2(133996) 
p = 1.5444 MPa 



Problem 268 

The rigid bar ABC in Fig. P-268 is pinned at B and attached to the two vertical rods. 
Initially, the bar is horizontal and the vertical rods are stress-free. Determine the stress 
in the aluminum rod if the temperature of the steel rod is decreased by 40°C. Neglect 
the weight of bar ABC. 


Figure P-268 


Stee! 

L = 0.9 lïi 
A = 300 lïimr 
E = 200 x lO^N/m 2 
h = 11.7 |jrn/(íïi ' = C) 

B 


Aluminum 
L= 1.2 m 
A = 1200 lïirrr 
E = 70 x 10 9 N/m 2 
a = 23 |jnn/fm “C) 
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Solution 268 


Conh'Action of steel rocl, asstuning complete freectoni: 
SrííÇi = otL AT 

= (11.7 x 10- 6 ) (900) (40) 

= 0.4212 mm 

The steet rod cartnot freely contract because of fhe 
resistance of aluminum rod. Tlie movement of A 
(referred to as 5 a), therefore, is less than 0.4212 mm. 
Iu terms of aluminum, tliis movement is (by ratio and 
proportion) : 

0.6 1.2 

5a = O.ôSj: 




T 

I 

T 


5* 


T - 

^TiiÇ 


JL 


A 



Srçsfj - 5cf - 0.5 S a ; 
PL 


0.4212 - 


0.4212 - 


AE 


= 0.5 


( PL 


' s ( 


P sf (900) 


300(200000) 
28080 - i? st = 0.4762P ai 


{AE 
= 0.5 


Pj(1200) 
1200(70' 000) 
•ỳ Equation (1) 


ZMb = 0 
0,6Psf = 1.2Pnj 

Pj. = 2P(îi Equation (2) 

Equations (1) and (2) 

28080 - 2P r j = 0.4762P r j 
P a ■, = 11340 N 



11340 

1200 


Oflí = 9.45 MPa 
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Problem 269 

As shown in Fig. P-269, there is a gap between the aluminum bar and the rigid slab that 
is supported by two copper bars. At 10°C, A = 0.18 mm. Neglecting the mass of the 
slab, calculate the stress in each rod when the temperature in the assembly is increased 
to 95°C. For each copper bar, A= 500 mm 2 , E = 120 GPa, and a = 16.8 nm/(m-°C). For 
the aluminum bar, A = 400 mm 2 , E = 70 GPa, and a = 23.1 nm/(m-°C). 



Solution 269 


L 


V í 


L í 

'l 


4i ^Final Position 


ì 

t 



* ' 

tdfica) 

j V 

'■-Initial Position 

i 

4 


Assiimixig complete íreedom: 

5 r = aL A7 

6t(co) = (16.S x 10^)(750)(95 - 10) 

= 1.071 nmi 

5rw = (23.1 x 10"-) (750 - 0.1S)(95 - 10) 
= 1.472 mni 


From tlie figure: 
5r{,irj - 5,ïi = 5n;, :o) + 

1.472 - 


( PL '\ i 

( PL ' | 

= 1.071 + 


UeJ* 

\AE. t 


1.472 - 2F(7S °-°- 1S) = 1.07! + F(750) 

400(70000) 500(120000) 


0.401 = (6.606 x ÌO' 5 ) F 
F = 6070.37 N 
P» = F = 6070.37 N 
= 2F = 12 140.74 N 


u = P/A 

6070.37 




CFflí = 


500 

12140.74 

400 


= 12.14 MPa 
= 30.35 MPa 
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Problem 270 


A bronze sleeve is slipped over a steel bolt and held in place by a nut that is turned to 
produce an initial stress of 2000 psi in the bronze. For the steel bolt, A = 0.75 in 2 , E = 
29 x 10 6 psi, and a = 6.5 x 10' 6 in/(in-°F). For the bronze sleeve, A = 1.5 in 2 , E = 12 x 
10 6 psi and a = 10.5 x 10" 6 in/(in-°F). After a temperature rise of 100°F, find the final 
stress in each material. 


Solution 270 
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Before temperahire chaiige: 
Pïr r = 




J — ►P*t 


ZZZZZZZZZZZZZZ£W — 


= 2000(1.5) 

= 3000 lb compression 
XFh = 0 


P=r = í’i’j- = 3000 lb tension 
o íf = P It f A ir - 3000/0.75 
= 4000 psi tensïle stress 


s = 

E 



a 

II 

II 

2000L 

= 1.67 x 10 _i L shortening 

12x 10 6 

b-8« = 

4000L 

= 1,38 x 10 _4 L lengthening 

29x 10 ó 


Wíth temperature lise of 100°F: 
(Assuming complete fieedorïi) 

Sr = a L A T 

S n , = (10.5 x 10- 6 )! (100) 

= 1.05 x 10" 3 L > a 
Siì( = (6.5 x 10^)1 (100) 

= 6.5 x ÌQ^L 

Sn ? - u = 1.05 x 10- 3 L - 1.67 x 10^L 
= 8.83 x 10^L 

5iu + b = 6.5 x ÌO^L + 1.38 x 10^L 
= 7.88 x ÌO^L 

Sri,, -a> 5rs( + b (see figiire below) 


■í Oïlf — » 


H 

1 I I 






Final 


b c 


Position 

3+ CFbr 

P* 

Obr 


ôj[ T - (i - d — b + 5 tsí c 


1.05 x 10" 3 L - 1.67 x 10^L - | — 

E Jìr 


a L 


= 1.33 x ÌO^L + 6.5 x 10^L + 


8.83 x 10^L - 0brL 


PL 

~ÂÊ 


12x10° 

= 7.88 x KHL + 


Ps^ 


0.75(29 xlO |ís ) 
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9 5 x 10" 4 - — = lïi 

1.5(12 xlO ô ) 0.75(29x10°) 

Pr f = 20 662.5 - 1.2083Pbr -> Equation (1) 

XFh = 0 

Plir = Psi -5> Equation (2) 

Equatioiis (1) tìiìd (2) 

P sf = 20 662.5 - 1.2083P sf 
P si = 9356.74 lb 
Pir = 9356.74 lb 

o = P/A 

= 6237.83 psi compressive stress 
= 12 475.66 psi tensile stress 


Otr — 


Oî f — 


9 356.74 

1.5 
9 356.74 

0.74 


Problem 271 

A rigid bar of negligible vveight is supported as shovvn in Fig. P-271. If W = 80 kN, 
compute the temperature change that vvill cause the stress in the steel rod to be 55 
MPa. Assume the coefficients of linear expansion are 11.7 nm/(m-°C) for steel and 18.9 
|im / (m-°C) for bronze. 
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Solution 271 


Stress in bronze when o sí = 55 MPa 



^TT(far) + ^br 


TM a = 0 

4Pi jr + = 2.5(80000) 

4o ïr (1300) + 55(320) = 2.5(80000) 
Ol- = 35,08 MPa 


By ratio ctnd proportion; 
^F(rt) + S 5f = - 5 ír 

— i~ 

5t(síì + 6 ït = 0.25[6 t{ìt) + ôtf] 
(o.L áTJsí + I 


0.25 («LÀT)*+[- 

t)] 


E Jhr J 


(11.7x10^) (1500) A T + 


55(1500) 

2000 


= 0.25 


(13.9 x 10” 6 ) (3000) AT + 


35.08(3000) 

83000 


0.017 55 AT + 0.4125 = 0.014 175 AT + 0.317 
AT = -28.3 °C 


A temperahire drop of 28.3 °C is needed to stress the 
steel to 55 MPa. 


Problem 272 

For the assembly in Fig. 271, find the stress in each rod if the temperature rises 30°C 
after a load W = 120 kN is applied. 

Solution 272 

TM a = 0 

4Pìt + P 5Í = 2.5(80000) 

4at r (1300) + Csì( 320 ) = 2.5(80000) 

16.25crt,- + a 3i = 625 

a 5r = 625 - 16.25at?- Equation (1) 

®r{rt) + ^si _ ^T(br) + ^ïr 

~ ï 4~ 

OTísfì - Ost = 0.25[6r(br) + Sbr] 
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/ y \ 

(o.L A T) si +(^| = 0.25 («L AT)* + 

^ Js f 

(11.7 x 10 -0 ) (1500) (30) + q ^ 150 °^ 

200000 


aL 


= 0.25 


(18.9x10 _6 )(3000)(30) + 


^( 3000 ) 

83000 


0.5265 + 0.0075a S f = 0.425 25 + 0.00904air 
0.Q075cr ït - 0.00904a* = -0.10125 
0.0075(625 - 16.25at 7 ) - 0.00904atT = -0.10125 
4.6875 - 0.121 S75a lr - 0.009 04a* = -0.101 25 
4.788 75 = 0.130 915a ìr 
a tT = 36.58 °C 


a ít = 625 - 16.25(36.58) 
a* = 30.58 °C 


Problem 273 

The composite bar shown in Fig. P-273 is firmly attached to unyielding supports. An 
axial force P = 50 kips is applied at 60°F. Compute the stress in each material at 120°F. 
Assume a = 6.5 x 10" 6 in/(in-°F) for steel and 12.8 x 10' 6 in/(in-°F) for aluminum. 


Figure P-273 and P-274 


Alumiiium Steel 

A. = Z in 1 A = 3 ir 2 

E = 10 x 10 E psi E = 29 x 10* psi 

n _ÌL 


15 in 


10 in 


Solution 273 




15 in 

Final Posftioíi 
R + 50 r 000 


T 




H 


■ 


10 in 


5t(rQ - («L AT).,; 

Sixtì) = (12.8 x 10^)(15)(120 - 60) 
Ôt(iîT| = 0.011 52 inch 

St(so = (al AT) S r 

S T (bí) = (6.5 x 10^)(10)(120 - 60) 

ûT( S f> = 0.0039 inch 
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Srtdii - 

0.011 52 
0.011 52- 


5st - S; 


Tìsï) 


\r* 

ll 

í PL 1 

AE ' 

'•■ AEJ, 


0.0039 


JÏC15) 


(R + 50000)(10) 


2(10x 10 6 ) 3(29 xlO 6 ) 

100 224 - 6.525H = E + 50 000 - 33 930 
84 154 = 7.525JÌ 
R = 11 183.25 Ibs 


0.0039 


Pri =R = 11 183.25 lbs 

P sí = R + 50 000 = 61 183.25 lbs 

P 

CT = 

A 

11 183.25 

Gar “ 

2 

= 5 591.62 psi 
61 183.25 
3 

= 20 394.42 psi 


Problem 274 

At what temperature will the aluminum and steel segments in Prob. 273 have 
numerically equal stress? 


Solution 274 



Final Position — -p 


50,{H}0 - R x 



i 

I 


+ 


■ 5rw 
10 in — ^ 


R t _ (50 000-Rj) 

~2 3 

3Ri = 100 000 - 2Ri 
Ri = 20 000 Ibs 


ù = 


Ofll 


Ûst — 


PL 
A E 

20000(13) 


= 0.015 inch 


2(10 x 10 6 ) 
(50000-20 000) (10) 
3(29 x 10 6 ) 


= 0.003 45 mch 


5«i - SnaD - u st - &T(st) 

0.015 - (12.8xl0 _ó )(15) AT = 0.003 45 + (6.5xl(H)(10) AT 
0.011 55 = 0.000 257 AT 
AT = 44,94°F 


A clrop of 44.94 C 'F from the standard temperature will 
make tlie ahunïmun and steel segments equal in 
stress. 
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Problem 275 

A rigid horizontal bar of negligible mass is connected to two rods as shown in Fig. P- 
275. If the system is initially stress-free. Calculate the temperature change that will 
cause a tensile stress of 90 MPa in the brass rod. Assume that both rods are subjected 
to the change in temperature. 



Solution 275 



“ ''■'ïfcingí iiipport 0 

5Phr - 3P :í = 0 

50 j r Ajit — Açq 0 

5 (90) (1200) - 3 a CP (1500) = 0 
Uç# = 120 MPa 

6 = aL / E 

ôtr = 90(2000) / 100 000 = 1.8 min 
= 120(3000) / 120 000 = 3 nun 

5 


56j(cdì - 55, ;j = 35[t - 35t<&t) 

5(16 .8x1 0 _â ) (3000) A7 - 5(3) 

= 3(1.8) - 3(18. 7x10^) (2000) A I 
0.3642 AT = 20.4 

AT = 56,01°C drop in temperature 


Problem 276 

Four steel bars jointly support a mass of 15 Mg as shown in Fig. P-276. Each bar has a 
cross-sectional area of 600 mm2. Find the load carried by each bar after a temperature 
rise of 50°C. Assume a = 11.7 nm/(m-°C) and E = 200 GPa. 
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Solution 276 



h = Ii sin 45° 
h = Li sin 60° 

h = h 

Li sin 45° = L 2 sin 60° 
Li = 1.2247L 2 


5i = Ô srn 45° 

5: = 5 sin 60° 

5 a = 5 sin 45° 
6 2 5 sin 60° 

S; = 0.816502 


ctLi AT + 

A E 


= 0.8165 



AT + 


TjLj 

~ÂÊ 


(11.7x10-0)1; (50) + 


Pjí-i 

600(200000) 


= 0.8165 


(11.7 x 10 -6 )L 2 (50) + 


f 2 l 2 

600(200000) 


70,2001]. + FlLi = 0.8165(70,20012 + P 2 L 2 ) 
(70,200 + F])L; = 0.8165(70,200 + P^l 2 
(70,200 + P])1,2247Ì\= 0.8165(70,200 + 
1.5(70,200 + Pi) = 70,200 + P 2 
P 2 = 1.5P; + 35,100 Equation (1) 



lFv=0 

2 (P; sin 45°) + 2(P 2 sm 60°) = 147.15(1000) 
Pi sin 45° + P 2 sin 60° = 72,575 
Pi sin 45° + (1.5?! + 35,100) sin 60° = 72,575 
0.7071Pi + 1.299F; - 30,397.49 = 72,575 
2.0061Pi = 42,177.51 
Pi = 21,024.63 N 


P 2 = 1.5(21,024.63) + 35,100 
P 2 = 66,636.94 N 

P A = P D = P; = 21.02 kN 
P B = P c = P 2 = 66.64 kN 
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Torsion 

Consider a bar to be rigidly attached at one end and tvvisted at the other end by a 
torque or tvvisting moment T equivalent to F x d, vvhich is applied perpendicular to the 
axis of the bar, as shovvn in the figure. Such a bar is said to be in torsion. 



TORSIONAL SHEARING STRESS, t 

For a solid or hollovv circular shaft subject to a tvvisting moment T, the torsional 
shearing stress t at a distance p from the center of the shaft is 

Tp , Tr 

t = — and Tmi’i = — 

/ / 

vvhere J is the polar moment of inertia of the section and r is the outer radius. 
For solid cylindrical shaft: 
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ANGLE OF TWIST 


The angle 0 through which the bar length L will twist is 

9 = in radiatis 

JG 

where T is the torque in N-mm, L is the length of shaft in mm, G is shear modulus in 
MPa, J is the polar moment of inertia in mm 4 , D and d are diameter in mm, and r is the 
radius in mm. 


POWER TRAN SMITTED BY THE SHAFT 

A shaft rotating with a constant angular velocity co (in radians per second) is being acted 
by a twisting moment T. The power transmitted by the shaft is 

P = Tco = 2nTf 

where T is the torque in l\l-m, f is the number of revolutions per second, and P is the 
power in watts. 


Solved Problems in Torsion 

Problem 304 

A steel shaft 3 ft long that has a diameter of 4 in. is subjected to a torque of 15 kip-ft. 
Determine the maximum shearing stress and the angle of twist. Use G = 12 x 10 6 psi. 


Solution 304 


Tjhiï 


167 

ttD 3 


16(15) (1000 )(1 2) 


Tmax = 14 324 pSÍ 
TmiLi = 14.3 ksi 


e _ TL _ 15(3)(1000)(12 2 ) 
/G £ji(4 4 )(12xlO e ) 

6 = 0.0215 rad 
6 = 1.23° 
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Problem 305 


What is the minimum diameter of a solid steel shaft that will not twist through more 
than 3° in a 6-m length when subjected to a torque of 12 kl\l-m? What maximum 
shearing stress is developed? Use G = 83 GPa. 


Solution 305 


P 

JO = 12(6)(1000 s ) 

1 180° J -£mí 4 (S3QOO) 

d - 113.98 min 

. 161 _ 16 ( 12 ){ 1000 : ) 
TmLÍ lúF 7t(113,9S 3 ) 
Xniax = 41.27 MPi 


Problem 306 

A steel marine propeller shaft 14 in. in diameter and 18 ft long is used to transmit 5000 
hp at 189 rpm. If G = 12 x 10 6 psi, determine the maximum shearing stress. 


Solution 306 

P _ 5000(396000) 

2 nf 2x(189) 

T = 1 667 337.5 lb m 

. 16T _ 16(1667337.5) 

T max - 3 - , 3 , 

ira te(14 ) 

Tmax = 3094.6 psi 


Problem 307 

A solid steel shaft 5 m long is stressed at 80 MPa when twisted through 4°. Using G = 
83 GPa, compute the shaft diameter. What power can be transmitted by the shaft at 20 
Hz? 
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Solution 307 


0 = 


TL 

/G 


r 


T(5)(1000) 

1S0 0 .; ^jtì 4 (S3000) 

T = 0.1133íi 4 


Timx 


80 = 


- 1ÉL 

JTíf 3 

1ó(0.113SjJ 4 ) 


Ttíí 3 

d = 138 mrn 


T = 


P 

2jt/ 


0.113SÍÎ 4 = 


P 

2ir(20) 


P = 14.3íí 4 = 14.3(138 4 ) 

P = 5 186 237 285 N mm/sec 
P = 5 186 237.28 W 
P = 5.19 MW 


Problem 308 

A 2-in-diameter steel shaft rotates at 240 rpm. If the shearing stress is limited to 12 
ksi, determine the maximum horsepower that can be transmitted. 


Solution 308 


. 16T 

T mn TJ- 
JT-íi 

12(1000) = 

< 2 3 ) 

T = 18 849.56 lb in 


T = 


2 nf 


18 849.56 = 


P(396000) 

2?r(240) 


P = 71.78 hp 
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Problem 309 


A steel propeller shaft is to transmit 4.5 MW at 3 Hz without exceeding a shearing stress 
of 50 MPa or twisting through more than 1° in a length of 26 diameters. Compute the 
proper diameter if G = 83 GPa. 

Solution 309 

P 4.5(1000000) 

2 nf 2jt(3) 

T = 238 732.41 N-m 

Based on maximmn allowable shearing stress: 

_ 16T 

'Lhhx <3 

Ttíí 3 

_ Q = 16(238732.41) (1000) 

Ttíí 3 

â = 289.71 irui’i 

Based on maxinuun allowable angle of twist: 

/G 

( ?r \ _ 238 732. 41 (26 d){ 1000) 
ilS0°j 4 (83000) 

d = 352.08 inni 

Use tlìe bigger cliameter, d = 352 mrn 
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Problem 310 

Show that the hollow circular shaft whose inner diameter is half the outer diameter has 
a torsional strength equal to 15/16 of that of a solid shaft of the same outside diameter. 


Solution 310 


Hollow cii’cular sl\aft: 
16TD 


Tnux-haUomr 



ir(D"-íí 4 ) 

16ID 

7T [D 4 -(+D) 4 ] 
16TD 


1ó 2 T 


15ttD j 


Solid circular shaft: 
16T 



ok! 


Problem 311 

An aluminum shaft with a constant diameter of 50 mm is loaded by torques applied to 
gears attached to it as shown in Fig. P-311. Using G = 28 GPa, determine the relative 
angle of twist of gear D relative to gear A. 


600 N m 
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Solution 311 


800 N m 1100 N-m 900 N m 600 N-m 


DZmC 3m B 2 m A 

ii ii 


"iiiiimiir 

300 N m 
llllllllll 

"1 1 
1 

i 

1 


600 N m 


iiiiiiiiiiiiiiiiiiinir 



-300 N-fïi 


/G 

Rotation of D relative to A: 


= — Y TL 
JG^ 


0D/A _ 


^ir(50*)(28000) 


[S00(2) - 300(3) + 600(2)] (100 2 ) 


0D/a = 0.1106 rad 
0 D/A = 6.34° 


Problem 312 

A flexible shaft consists of a 0.20-in-diameter steel wire encased in a stationary tube 
that fits closely enough to impose a frictional torque of 0.50 lb-in/in. Determine the 
maximum length of the shaft if the shearing stress is not to exceed 20 ksi. What will be 
the angular deformation of one end relative to the other end? G = 12 x 10 6 psi. 


Solution 312 


Stee! Wire 



Statìonary Tube 


. 161 
— 

nd 3 

20 ( 1000 ) = 


16T 


40.20) 3 

T = 10x Ib-in 

L- T 


lOîilbin 


0.50lb-m/in 0.50lbin/in 
L = 20 ti iii = 62.33 in 


e-A 

/G 

If 0 = âQ, T = 0.5L and L = âL 


í 


1 r 20r 

de = (0.5L)íÏL 

JG Jo 


0 = 


0 = 


0.5L" 


/G [ 2 


2ûir 


— [0.25(20tt) 2 -0.25(0) 2 ] 

/ G 


100ti j 


^-n(0.20 4 )(12xl0 ô ) 
9 = 0.5234 rad = 30° 
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Problem 313 


Determine the maximum torque that can be applied to a hollovv circular steel shaft of 
100-mm outside diameter and an 80-mm inside diameter vvithout exceeding a shearing 
stress of 60 MPa or a tvvist of 0.5 deg/m. Use G = 83 GPa. 

Solution 313 

Based on maximum alíowable sheaiing stress: 

16TP 

W jt(D 4 -íÍ 4 ) 

60- 167 < 1Q0 > 4 
71 ( 100 * - 80 4 ) 

I = 6 955 486,14 N-mm 
1 = 6 955.5 N-m 

Based on maximum allowáble angle of hvist: 

/G 

os-f JL) = T ( 100Q ) 

1.180 ° ) ^7r(100 4 -BO*H&3000) 

T = 4 198 282,97 N-mm 
1 = 4 198.28 N-m 

Use the smaller torque., T = 4 198,28 N-m 


Problem 314 

The steel shaft shovvn in Fig. P-314 rotates at 4 Hz vvith 35 kW taken off at A, 20 kW 
removed at B, and 55 kW applied at C. Using G = 83 GPa, find the maximum shearing 
stress and the angle of rotation of gear A relative to gear C. 


A B C 



55 mm 4 1 


65 mm >{' 













[C 4 m 3* 


z. m *\ 



Fìgure P-314 
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Solution 314 


T = 

-35(1000) 

Ta = . , = -1392.6 N-m 

2 ji ( 4 ) 

- 20 ( 1000 ) 

Tb = = -795.8 N-m 

2íi(4) 

55(1000) 

T c = — — = 2188.4 N-m 


2ir(4) 


Eelative to C: 
1392.6 N m 


795.A N íïi 


■i «=r 

A 

i 

1 

i 

4 m 

B 

i 

1 

i 






1392.6 N-m 


2 m 


2188.4 N iïi 


21SB.4 N-m 


= 


16T 

nd 3 

16(1392, 6)(1000) 
ti ( 55 3 ) 


= 42.63 MPa 


1 6(2188.4) (1000) 

'ÏEr “ — 40.58 \'IPd 

ir(65 3 ) 


Tmax = tab = 42.63 MPa 




TL 

I 


0.4/C “ 


_1 

83000 


1392.6(4) 2188.4(2) 

^ir(55 4 ) + ^tt(65 4 ) 


(1000-) 


Ba/c = 0.104 79Ó 585 rad 
Qa/c = 6.004° 


Problem 315 

A 5-m steel shaft rotating at 2 Hz has 70 kW applied at a gear that is 2 m from the left 
end where 20 kW are removed. At the right end, 30 kW are removed and another 20 
kW leaves the shaft at 1.5 m from the right end. (a) Find the uniform shaft diameter so 
that the shearing stress will not exceed 60 MPa. (b) If a uniform shaft diameter of 100 
mm is specified, determine the angle by which one end of the shaft lags behind the 
other end. Use G = 83 GPa. 
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Solution 315 


T = 

2ný 

-20(1000) 

T a = Tc = = -1591.55 N-m 

2rt(2) 

70(1000) 

T e = — - = 5570.42 N-m 

2 ^( 2 ) 

-30(1000) 

Tc = = -23S7.32 Nm 


2tt(2) 


-20 kW 

A I 


+70 kW -20 kW -30 kW 

e| c| d j 


2 m | 1.5 m 1 1.5 m 

I I 

i 3978.87 N-m i 







2387.32 N-m 












-1591.55 N m 


Part (fl) 


Tmiv - 


16T 
7 id° 


For AB'. 


For BC: 


For CD: 


16 ( 1 591 . 55 )( 1 000 ) 

60 = ir 

■nd* 

â = 51.3 mm 

16(3978, S7)(l 000) 
TTíf 3 

â = 69,6 mm 

_ 16 ( 2387 . 32 )( 1000 ) 


60 


ÎTÌ 3 


d = 58.7 mm 
Use â = 69.6 mm 


Part (Íj) 
0 = 


TL 

JG 


0D/A = — Y TL 
/G^ 


0D/A = 


1-1591.55(2) 


^-71(100^(83000) 

+ 3978.87(1.5) + 2387.32(1.5)] (1000 2 ) 
0d/a = 0.007 S13 rad 
0 d ,a = 0.448° 
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Problem 316 

A compound shaft consisting of a steel segment and an aluminum segment is acted 
upon by two torques as shown in Fig. P-316. Determine the maximum permissible value 
of T subject to the following conditions: t st = 83 MPa, x a i = 55 MPa, and the angle of 
rotation of the free end is limited to 6°. For steel, G = 83 GPa and for aluminum, G = 

28 GPa. 


Figure P-3 16 



Solution 316 



T = 679 042.16 N-nun 
T = 679.04 N-m 


x ff : = 


161 

n(40 3 ) 


= 55 


T = 691 150.38 N mm 
T = 691.15 N-m 

Based on maxnnuni angle of twist: 




7C 

180° 


) 


37(900) ^ T (600) 

5^(50^X83000) ^jt(40 4 )(2SOOO) 


T = 757 316.32 N-nnn 
T = 757.32 N-m 


Use T = 679.04 N-m 


Problem 317 

A hollow bronze shaft of 3 in. outer diameter and 2 in. inner diameter is slipped over a 
solid steel shaft 2 in. in diameter and of the same length as the hollow shaft. The two 
shafts are then fastened rigidly together at their ends. For bronze, G = 6 x 10 6 psi, and 
for steel, G = 12 x 10 6 psi. What torque can be applied to the composite shaft without 
exceeding a shearing stress of 8000 psi in the bronze or 12 ksi in the steel? 
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Solution 317 



D = 3 in r d = 2 in 


D = 2 in 



hé 

^rX(2 4 )(12xlO Ó ) Ìr7T(3 4 

L* _ hr 
192 xlO* 390 xlO 6 


-2 4 )(6x 10 é ) 
-> Equation (1) 


Applied Torque = Resisting Torqtte 


T = T £í + Tfr 


Equalion (2) 


Equation (1) with T$t m terms of T&r and Equation (2) 


192x10° 
390 x 10° 
Tìrr = 0.6701 T 


Tbr + Tì, r 


Equation (1) with Tbr in terms of T s * and Equation (2) 


T = Trí + 


390x 10 c 


192x10' 
Tsi = 0,32991 


Í si 


Based on liollow bronze (T^ = 0.67011) 
16TD 


'I.IIQ.V 


sooo = 


7t(D 4 -tí 4 ) 


J br 


16(0,6701T)(3) 


ir(3 4 - 2 4 ) 

T = 50 789.32 lb-in 
T = 4232.44 lb-ft 


Based on steel core (T sf = 0.3299T): 
16T 


Tmiv 




J st 


12 000 = 


16(0.3299T) 

ít(2 3 ) 


T = 57 137.18 Ib-in 
T = 4761.43 lb-ft 


Use T = 4232.44 lb ft 
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Problem 318 

A solid aluminum shaft 2 in. in diameter is subjected to two torques as shown in Fig. P- 
318. Determine the maximum shearing stress in each segment and the angle of rotation 
of the free end. Use G = 4 x 10 6 psi. 



SOO Ibft 


Figure P-318 


Solution 318 



161 

T mn£ ZZT 
7TD j 

For 2-ft segment: 

_ 16(000) (12) 

n(2 3 ) 

For 3-ft aegment: 

16 (800) (12) 






= 4583.66 psi 


6111.55 psi 


e 

e 

e 

e 

e 


TL 

JG 

— y tl 

1 

0.0825 r ad 
4.73° 


[600(2) + 800(3)] (12 2 ) 


Problem 319 

The compound shaft shown in Fig. P-319 is attached to rigid supports. For the bronze 
segment AB, the diameter is 75 mm, t < 60 MPa, and G = 35 GPa. For the steel 
segment BC, the diameter is 50 mm, % < 80 MPa, and G = 83 GPa. If a = 2 m and b = 
1.5 m, compute the maximum torque T that can be applied. 
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Figure P-319 and P-320 


Solution 319 



ÏM = 0 

T = Tfr - Ts* -> Equation (!) 


01rr — 05 + 


Ts r (2) (1000) = Tçj (1.5)(1000) 

^ -w(75 4 ) (35 000) ^ 7t(50 4 )(S3 000) 


Tbr = 1.60UT* 
T st = 0.624ÓTlt 


j- Equations (2) 




161 

rrD 3 


Based on rj,- < 60 MPa 


60 = 


16T ìr 

Tt(75 3 ) 


Tir = 4 970 097.75 N-mm 

T’j' = 4.970 k?\ -m -> Maximum aEloxvable torque for bronze 


Tjj = 0.6246(4.970) -> From one of Equations (2) 

T«= 3.104 kN m 


Based on r 5t < 80 MPa 

so = 16J % 

1 1(50 3 ) 

7*, = 1 963 495.41 N-mm 

Ts-f = 1.963 kN-rn -> maximum allowable to#que for síeel 

Tjfr = 1.6011(1.963) -> From Equations (2) 

T^ = 3.142 kNm 


Use T^ = 3.142 kN m and T sf = 1.963 kN-m 


T = 3.142 + 1,963 -> Fnom Equation (1) 

T = 5.105 kN-m 


http://librosysolucionarios.net 


Problem 320 


In Prob. 319, determine the ratio of lengths b/a so that each material will be stressed to 
its permissible limit. What torque T is required? 

Solution 320 

From Solution 319: 

Maximum Tl t = 4.970 kN-m 
Maximum T s t = 1.9Ó3 kK‘-m 


- Osí 



4.973fl (1000") _ 1.963b (1000 : ) 
^tc(75 4 )(35000) ^it(50 4 )(83000) 

b/a = 1.187 

I = max Tsr + max T 3 * 

1 = 4.970 + 1.963 
1 = 6.933 kNm 


Problem 321 

A torque T is applied, as shown in Fig. P-321, to a solid shaft with built-in ends. Prove 
that the resisting torques at the walls are Ti = Tb/L and T 2 = Ta/L. How would these 
values be changed if the shaft were hollow? 


mmm 

j 

| 

* a 

\ T . T 4 I 

r 



’l 

* i i 



k l > 



Figure P-321 
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Solution 321 


ÏM = 0 

T = Tj + T? -» Equation (1) 


01 — 0, 


( TL j 

í— ì 

jcj, = 

'jcj 


T-íï _ T 0 ïí 

1ê ~1 g 


Tl = 
Ti = 



a 


a 

ï Tí 




> Equations (2} 
j 


Equations (1) ancl (2) with Ti in terrns of Tí: 

T = Ti + £t l 

b 


T = 


T/b + T 2 a 


J = (i)-fl)T 

b 

E.T, 


T = 


b 


Ti = Tb/L 


Equations (1) and (2) with Ti in terms of Tx 

T = -T 2 + T 2 
a 

j _ T 2 b + T 2 a 


T = 


T = 


a 

{b + a)J 2 


a 


LT, 


T 2 = Tn/L 


If the sliaft were hollow, Equatìon. (1) woitld be the 
saine and the eqtuility 0i = 02 , by direct investigation, 
would yield the same result in Equations (2). 
Tlìerefore, the valu.es of Ti and T 2 are the same (no 
change) if the sliaft were hollow. 


Problem 322 

A solid steel shaft is loaded as shown in Fig. P-322. Using G = 83 GPa, determine the 
required diameter of the shaft if the shearing stress is limited to 60 MPa and the angle 
of rotation at the free end is not to exceed 4 deg. 
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2.5 m - — > | < 2.5 m 

FÊgiire P-322 


L200 N m 


Solution 322 



Basecl oit maxiniiim a!lowable shear: 
167 


tiD 3 


Foi’ Hie l st segment: 

á0 _ 45Q(2.5)(1Q00 2 ) 
ttD 3 

D = 1S1.39 nnn 

F or the 2 rd segment 

1200(2.5)(10Û0 2 ) 
jiD 3 


60 = 


D = 251, o4 nnn 


Based on maxnnuni angle of twist: 
TL 


6 = 


/G 


e = — V tl 

JG^ 

/ 

4° | 


V 1S0°; ^^D-(83000) 

D = 51.89 mm 


[450(2.5) + 1200(2.5)] (1000-) 


Use D = 251.54 mm 


Problem 323 

A shaft composed of segments AC, CD, and DB is fastened to rigid supports and loaded 
as shown in Fig. P-323. For bronze, G = 35 GPa; aluminum, G = 28 GPa, and for steel, 
G = 83 GPa. Determine the maximum shearing stress developed in each segment. 

Fìgure P-323 
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Solution 323 


Sh’ess developed in each segment with respect to Th: 



T* 


Tlte rotahon of B relative to A is zero. 
0a/e = 0 


V — 1 

2-> t n 


P.UfB 


= o 


T a (2)<1000 2 ) ^ (T A — 300)(2)(1000 2 ) 

-^-jt(25 4 ) (35000) ^-7t(50 4 )(23000) 


(T a - 1 0 00) (2. 5) (1000 2 ) 

^frû^Hsâôôô} - 

2T a _ 2(T a - 300) 2.5 (T A -1000) 

(25 4 ) (35) (50 4 )(28) (25 4 )(S3) 

1ÓT a T a - 300 ( 20(T a - 1000) _ 

35 + 2S 83 




- A 


75 . 23 -i- 20000 

7 Sî 83 


= 0 


8527 

1L6210 


Ta = 251.67S 


T a = 342.97 N-m 
LM = 0 

Ta +Te = 300 + 700 
342.97 +Te = 1000 
T b = 657.03 N-m 


Tbr = 342.97 N-m 

T a i = 342.97 - 300 = 42.97 N-m 

Tsr = 342.97 - 1000 = -657.03 N m = -Tb (ok!) 


Tir 


- 167 

U ttD 3 
_ 16(342.97) (1000) _ „ 


425 3 ) 


111.79 MPa 


TfiJ 


. X^MTXIBOO) =1?5Mpi 
jt(50 3 ) 


Tfií " □ 214.16 MPa 


x(25 3 ) 
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Problem 324 

The compound shaft shown in Fig. P-324 is attached to rigid supports. For the bronze 
segment AB, the maximum shearing stress is limited to 8000 psi and for the steel 
segment BC, it is limited to 12 ksi. Determine the diameters of each segment so that 
each material will be simultaneously stressed to its permissible limit when a torque T 
12 kip-ft is applied. For bronze, G = 6 x 10 6 psi and for steel, G = 12 x 10 6 

psi. 


Solution 324 



Figure P-324 




16T 
7 rD 3 


Foi broiize: 


8000= 167bT 


ïïD: 


fcr 


Tìt - SOOirD^' lb-in 


For steel: 

12 000 = 
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r jf = 7 jOti lb iii 



IxVT = 0 

Tfcj- + T s( = 7 

T * + T íf = 12(1000) (12) 

Tì, r + Tsi = 144 000 Ib-in 

500n D Lt 3 + 750;r D 3í 3 = 144 0D0 

D l , j = 2S3/ir - 1.5 D rf 3 -+ equation (1} 





(JL) 

ítl"' 


I G k 

" fe 

St 

T* 

(6) 

T*(4) 

l2 

(óxlO 6 ) ^irD st 4 (12xlO ô ) 

T» 

T if 



3D 4 

Jiy sí 


500tiD l , 

3 _ 750tiD sí 3 

V 

3D sf 4 


Osí — 0.5E?fer 


From Equation (1) 

D Lt 3 = 2S3 / ir - 1.5 (O.SD^ ) 3 
1.1875 Dj* = 28S /n 

Dbr = 4.26 in. 

D s ; = 0.5(4.26) = 2.13 in. 
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Problem 325 

The two steel shaft shown in Fig. P-325, each with one end built into a rigid support 
have flanges rigidly attached to their free ends. The shafts are to be bolted together at 
their flanges. However, initially there is a 6° mismatch in the location of the bolt holes 
as shown in the figure. Determine the maximum shearing stress in each shaft after the 
shafts are bolted together. Use G = 12 x 10 6 psi and neglect deformations of the bolts 
and 


flanges. 

Solution 325 


Sof 6.y shafr + ®Df ÌZy shsft _ 

r TL'j f TL 

[JG 

T{6.5)(12 2 ) 


= 6 ° 


■ shAft 

T(3.25)(12 2 ) 


130° I 


-^Tr(2 4 }{12xlO á ) -^-7t(1.5 4 )(12xl0 6 ) 30 

T = 817.32 lb-ft 




16T 

rrD 3 


16(817.32)(12) £IM(a . 
T of 6JSt shaft = — = 6243.86 psi 


T Df3.2yshaf: = 


lï(2 3 ) 

16(S17.32)(12) 

7t(1.5 3 ) 


= 14 800.27 psi 
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Flanged Bolt Couplings 



P = A- 


xcT 



In shaft connection called flanged bolt couplings (see figure above), the torque is 
transmitted by the shearing force P created in he bolts that is assumed to be uniformly 
distributed. For any number of bolts n, the torque capacity of the coupling is 


nd- 

J = PJÌïi = tJîjj 

4 

If a coupling has two concentric rows of bolts, the torque capacity 
is 


T = PiRifii + P2P2H2 

where the subscript 1 refer to bolts on the outer circle an 
subscript 2 refer to bolts on the inner circle. See figure. 



For rigid flanges, the shear deformations in the bolts are proportional to their radial 
distances from the shaft axis. The shearing strains are related by 


Ii_ = Ti 

R i R i 

Using Floolce's law for shear, G = x / y, we have 


’-i _ -1 01 P_ / R / -^-2 

G^P^ G^P^ 

If the bolts on the two circles have the same area, A x = A 2 , and if the bolts are made of 
the same material, Gi = G 2 , the relation between Pi and P 2 reduces to 


A 

jij 


A 

r 2 
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Solved Problems in Flanged Bolt Couplings 


Problem 326 

A flanged bolt coupling consists of ten 20-mmdiameter bolts spaced evenly around a 
bolt circle 400 mm in diameter. Determine the torque capacity of the coupling if the 
allovvable shearing stress in the bolts is 40 MPa. 

Solution 326 

T" = PjRfi = AtRjj = -ì TlÍ 2 ijRfi 
T= j^^tíoxiooiíio) 

T = 8 000 OOOít N quïi 
7 = 8ïi kN m = 25.13 ldV m 

Problem 327 

A flanged bolt coupling consists of ten steel V 2 -in.-diameter bolts spaced evenly around 
a bolt circle 14 in. in diameter. Determine the torque capacity of the coupling if the 
allovvable shearing stress in the bolts is 6000 psi. 



Solution 327 


T = PRn = AtRji = 4- 7ríí 2 TJRfî 
T = Ìti(^) 2 (6000)(7)<10) 

T = 26250tt Ib-in 
T = 21S7.ÔJT ìb-ft = 6872.23 Ib-ft 


Problem 328 

A flanged bolt coupling consists of eight 10-mmdiameter steel 
bolts on a bolt circle 400 mm in diameter, and six 10-mm- 
diameter steel bolts on a concentric bolt circle 300 mm in 
diameter, as shovvn in Fig. 3-7. What torque can be applied 
vvithout exceeding a shearing stress of 60 MPa in the bolts? 
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Solution 328 


For one bolt in the onter circle: 


P a = At 


(60) 


Pi = 150Û;r N 


For one bolî: in the innei circle: 

II = a 

r 2 

1500 tt P 2 


200 150 

P 2 = 1125te N 


T = PiiïiHi + P;R?fÏ2 
T = 1500 (200) (8) + 112571(150) (6) 
T = 3 412 500 ir N-nun 
T = 3,4125ir kN m = 10,72 kN-m 


Problem 329 

A torque of 700 Ib-ft is to be carried by a flanged bolt coupling that consists of eight Vi - 
in.-diameter steel bolts on a circle of diameter 12 in. and six V 2 -in.-diameter steel bolts 
on a circle of diameter 9 in. Determine the shearing stress in the bolts. 

Solution 329 



At^ _ Az 2 


6 4.5 

i2 = 0,75ii 

T = PlfilBl + P2R2H2 

700(12) = 1 7r(M-) 2 T! (6)(8) + |7t(3-Ì) 2 T2(4.5)(6) 

S400 = 3itti + 1.6875;t(Û.75tì) 

S400 = 13.4X! 

Ti = 626.87 psi -> bolts in the ouïer circle 

T 2 = 0.75(626,87) = 470.15 psi -> bolts in the inner cirde 
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Problem 330 

Determine the number of 10-mm-diameter steel bolts that must be used on the 400- 
mm bolt circle of the coupling described in Prob. 328 to increase the torque capacity to 
14 kN-m 

Solution 330 

T = PiJïini + 

14(1000-) = 1500ti (200)ni + 1125n(150)(6) 
m = 11.48 SAy 12 bolls 

Problem 331 

A flanged bolt coupling consists of six Vi -in. steel bolts evenly spaced around a bolt 
circle 12 in. in diameter, and four % -in. aluminum bolts on a concentric bolt circle 8 in. 
in diameter. What torque can be applied without exceeding 9000 psi in the steel or 
6000 psi in the aluminum? Assume G st = 12 x 10 6 psi and G a! = 4 x 10 6 psi. 

Solution 331 

T = (PRri) st + (PRnU 

T = (y\Tlî?l)sf + (AtRíîJc! 

T= ìir(tó)^ st (6)(6) + jji(^)2 TrJ (4)(4) 

T = 2.257TT 5í + 2.257rT„î 
r = 2.25tt(Ts* + Taî) -> Equation (1) 


ÍM - 

r_Lì 






(12xlO ô )(6) (4xlO è }(4) 

T s + = 4 Tflf -> Equation [2 a) 

TíïT = q-Tsf -> Equation (2S) 

Equations (1) ancl (2i?) 

T = 2.25n( Tfli + TaJ = 12.375it Tfl i 

T = 12.375ti(6000) = 74 250tt lb in 
T = 233.26 kip in 

Equations (1) ancl (2 b) 

T = 2.257t(Tsí + l-Tsf) = 2.75TtTfií 
T = 2.2571(9000) = 24 750 jt lb in 
T = 77.75 kipin 

Use T = 77.75 kip-in 
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Problem 332 

In a rivet group subjected to a twisting couple T, show that the torsion formula t = Tp/J 
can be used to find the shearing stress t at the center of any rivet. Let J = ZAp 2 , where 
A is the area of a rivet at the radial distance p from the centroid of the rivet group. 


Solution 332 


The shearmg stress on each rivet is F/A 

x = Tp// 

Where: T = PRn 

p = R 

j = IA P Z = AR^n 0 

_ PRn(R ) Q d 

■■ j h .y' 

AR~n 'O' 

P 

i = — (ok!) 

A 

Tliis shows tliat t = Jp/J can be used to find the 
shearing shess at the center of any rivet, 



Problem 333 

A plate is fastened to a fixed member by four 20-mm diameter rivets arranged as 
shown in Fig. P-333. Compute the maximum and minimum shearing stress developed. 


Figure P-333 

3 




14 kN 

' t 



rh 30 

v SO A 30 A\ 




mm w cr 



n 

14 kN 
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Solution 333 


7 


14 fcN 

„ m j 

l m , 


f 

44 

40 


1 



_ 





-fi 


r 

> / 

b 




) \ 



i 

t- 

4 <N 


T = 14(1000X120) = 1 680 000 14-mm 

: = i>p : = ^(nX20f E2H0 2 ) + 2(i zo : )] 

= 3 200 íHïOji mm 4 

Maximum shearmg stress (p = 120 mni): 
_ 1 6S0 000(120) 

3 200 OOOti 

= 20,05 MPa 

Minimum sheaïing shess (p = 40 imn): 

1 680 000(40) 

Tmdn — 

3 200 OOOtí 
imiji = 6.08 MPa 


Problem 334 

Six 7/8-in-diameter rivets fasten the plate in Fig. P-334 to the fixed member. Using the 
results of Prob. 332, determine the average shearing stress caused in each rivet by the 
14 kip loads. What additional loads P can be applied before the shearing stress in any 
rivet exceeds 8000 psi? 
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Solution 334 



\Vithout the loads P: 

t-a 

/ 

Where: T = 14(10} = 140 klp-in 

p = -i/Is" in 

J =ZAp 2 = i(nn£r[ 4(-/Î3) J +2(2) Z ] 


36.08 in* 

Tma yimim 


140(.y/Ï3) 

36.08 
= 14.0 ksi 


_ 140(2) 

36.0S 
= 7.76 ksi 


With the IoacIs P, h\-o cases will aiise: 
l 5t case (P < 14 kips) 

I = 10(14) - 6P = (140 - 6P) kip iu 

x=^ 

J 


S0Q0 = (140-6P)(1000)(VÏ3) 

36.08 

80.05 = 140 - 6P 
P = 10.0 kips 

2"^ case (P > 14 kips) 

T = 6P - 10(14) = (ÓP - 140) kip in 

x=Z£ 

; 

S0Q0 = (6P-140)(1000)(VÎ3) 

36.08 

50.05 = 6P - 140 
P = 36.68 kips 
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Problem 335 

The plate shown in Fig. P-335 is fastened to the fixed member by five 10-mm-diameter 
rivets. Compute the value of the loads P so that the average shearing stress in any rivet 
does not exceed 70 MPa. (Hint: Use the results of Prob. 332.) 



Solution 335 

Solvirtg for location of centroid of rivete: 

A Xc = Jjix 

Where A = \ (SO -I- 160)(80) 

= 96110 mm 3 

3l = a 2 = a 3 = ± {fl0){80) = 3200 mirf 
= x 3 = -ỳ {80) = 80/3 mm 
x 2 = -=- (80) = 160/3 mm 

9600Xg = 3200(80/3) + 3200(160/3) + 3200(80/3) 
Xg = 320/9 mm 



so 


k — 80 — H 



n = ^(320 /9) 2 ■+■ 80 2 = 87.54 mm 
r 2 = ,/(30-320/9)- + 40 2 = 59.79 mm 
/ = IAp 2 = | ji(10-)(2ïi 2 + 2n- + Xc 2 ) 

] = -j ir(10 2 ) [2(87. 54) 2 + 2(59.79) 2 + (320/ 9) 2 ] 

/ = 1 864 565.79 min 4 
I = (120 + 100)P = 220P 


Tlie critical rivets are at distance ri íroirt centroid: 

i 

^ Q _ 220P(S7.54) 

1 864 565.79 
P = 6777.14 N 
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Torsion of Thin-Walled Tubes 

The torque applied to thin-walled tubes is expressed as 



T = 2Aq 

where T is the torque in N-rnm, A is the area enclosed by the centerline of the tube (as 
shown in the stripefilled portion) in mm 2 , and q is the shear flow in N/mm. 

The average shearing stress across any thickness t is 

= I = _L_ 

T í 2 At' 

Thus, torque T ca also be expressed as 

1= 2Ah. 


Solved Probiems in Torsion of Thin-Walled Tubes 


Problem 337 

A torque of 600 N-m is applied to the rectangular section shown in Fig. P-337. 

Determine the wall thickness t so as not to exceed a shear stress of 80 MPa. What is the 
shear stress in the short sides? Neglect stress concentration at the corners. 


Solution 337 

T = 2 Atv 

Where: T = 600 N-m = 600 000 N-rnm 

A 30{00) 2400- rnm 3 

1 - 80 Mru 

tìon ono - 2(?4íin)(f)(Ríì) 

í = 1.5615 uim 

At any conveitient centei O witliin the section, the 
faiihest side is the shortest sicle, tìiits, it is induced 
with the Tnaxirnnm t illowable shear s tress of 80 MPa. 
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Problem 338 

A tube 0.10 in. thick has an elliptical shape shovvn in Fig. 
P-338. What torque will cause a shearing stress of 8000 
psi? 

Solution 338 




T = 2Aìn 

VVhene; A = nab = n(3)[l,5) = 4.5n in 1 
T= 0.10 h 
r = 8000 psi 

T = 2(4.5 k) (0.10) (5000) 

T = 226T9.47 Ib-in 
T = 22.62 kip-in 


Problem 339 

A torque of 450 lb-ft is applied to the square section shown in Fig. 
P-339. Determine the smallest permissible dimension a if the 
shearing stress is limited to 6000 psi. 


Solution 339 

7= 2Ah 

VVhere: T = 450 Ib-ft 

T = 450(12) Ib-in 
A = a : 
r = 6000 psi 

450(12) = 2^(0. 10) (60 00) 

a = 2.12 in 


1 

t = O.lDin. 


u . u 

Figure P-339 


Problem 340 

A tube 2 mm thick has the shape shown in Fig. P-340 
the shearing stress caused by a torque of 600 N-m. 

Solution 340 

T= 2A£t 



Where: A = n(10 2 ) + 80(20) = 1914.16 min 1 

t = 2 mm 

T = 600 N m = 600 000 N mm 


600 000 = 2(1914.16)(2)t 


t = 78.36 MPa 
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Problem 341 

Derive the torsion formula x = Tp/J for a solid circular section by assuming the section is 
composed of a series of concentric thin circular tubes. Assume that the shearing stress 
at any point is proportional to its radial distance. 

Solution 341 


T = 2Atr 

Where: T = dT; A = ïip 1 ; t = dp 



I I 
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Helical Springs 


When close-coiled helical spring, composed of a wire of round rod of diameter d wound 
into a helix of mean radius R with n number of turns, is subjected to an axial load P 
produces the following stresses and elongation: 



The maximum shearing stress is the sum of the direct shearing stress ii = P/A and the 
torsional shearing stress x 2 = Tr/J, with T = PR. 


T = Xi + I 2 = 


P _ 1 6(PK) 
rrcí 2 /4 Tzd n 


16 PRf^ d ) 

'■ T^1 1 + 4rJ 


This formula neglects the curvature of the spring. This is used for light spring where the 
ratio d/4R is small. 


For heavy springs and considering the curvature of the spring, a more precise formula is 
given by: (A.M.Wahl Formula) 


i = 


16i 3 R 


jtíí" 


r 4m-l O.tìlo ì 
i, 4m - 4 m J 


where m is called the spring index and (4m - 1) / (4m - 4) is the Wahl Factor. 


The elongation of the bar is 


o = 


6 4PR a tt 
Gíï 4 


Notice that the deformation 8 is directly proportional to the applied load P. The ratio of P 
to 8 is called the spring constant k and is equal to 


. P Gíi 4 

k = — = — ìnN/ mm 

5 64J?"n 
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SPRINGS IN SERIES 


For two or nnore springs with spring laid in series, the resulting spring constant k is 
given by 



1 /k — 1/fei + l/îí^ + 

where k lr k 2/ ... are the spring constants for different springs. 

SPRINGS IN PARALLEL 



k = k\- k 2 + ... 


Solved Problems in Helical Springs 

Problem 343 

Determine the maximum shearing stress and elongation in a helical steel spring 
composed of 20 turns of 20-mm-diameter wire on a mean radius of 90 mm when the 
spring is supporting a load of 1.5 kN. Use Eq. (3-10) and G = 83 GPa. 


Solution 343 


16PR f 4m - 1 ^ 0.615 ì 
iri' : ■ 4m - 4 m ) 


Equation (3-10) 


Where P = 1.5 kN = 1500 N; R = 90 mm 
d = 20 mm; n = 20 tums 
m = 2R/d = 2(90)/20 = 9 


Tmax 

Tmiit 


16(1500)(90) 4(9) -1 0.615 

7t(20 3 ) 4(9) - 4 + 9 

99.87 MPa 


_ Ó4P1Ì 3 » = 64(1500)(90 s )(20) 
Gi 4 83 000(20 4 ) 

5 = 105.4 mm 
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Problem 344 

Determine the maximum shearing stress and elongation in a bronze helical spring 
composed of 20 turns of l.O-in.-diameter wire on a mean radius of 4 in. when the 
spring is supporting a load of 500 Ib. Use Eq. (3-10) and G = 6 x 10 6 psi. 


Solution 344 

TmiX = 

Whene 


16 PR i im-1 0.615 | 

ird 3 •. 4 jíì - 4 jfi ,■ 

P = 500 Ib; R = 4 in 
d = 1 in; n = 20 turns 
iti = 2R/d = 2(4)/l = S 


-ỳ Equation (3-10) 


16(500)(4) 4(8) -1 0.615 

:t(l 3 ) [4(8) -4 8 

12 060.3 psi = 12.1 ksi 

64 PR^n = 64(500)(4 Ì )(20) 
GíÍ 4 (6xlO b }{l 4 ) 

ô = 6.83 in 


ImajL 
Tmiii = 


Problem 345 

A helical spring is fabricated by wrapping wire % in. in diameter around a forming 
cylinder 8 in. in diameter. Compute the number of turns required to permit an 
elongation of 4 in. without exceeding a shearing stress of 18 ksi. Use Eq. (3-9) and G 
12 x 106 psi. 

Solution 345 

-ỳ Equation (3-9) 

4 

l)J 

P = 356.07 lb 

3 _ 64PR 3 jî 

64(356.07)(4 3 )n 
(12 x 10 6 )(3/4) 3 
n = 13,88 say 14 turns 

Problem 346 

Compute the maximum shearing stress developed in a phosphor bronze spring having 
mean diameter of 200 mm and consisting of 24 turns of 200-mm-diameter wire when 
the spring is stretched 100 mm. Use Eq. (3-10) and G = 42 GPa. 


!î™íi + AÌ 

jttÌ 3 { 4.R ) 


18000 


16P(4) 


43/4) J 


1 + 


3/ 

4(4 
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Solution 346 


5 = 


Gtí 4 


Where 


100 = 


& = 100 mm; R = 100 mm 
d = 20 mm; n = 24 ïums 
G = 42 000 MPa 


Ú4P(1Q0 5 )24 

42QOOÍ2Û 4 ) 


P = 437.5 N 


Where 


^HUX 


16PRÍ 4m-l 0.615 

n'ii 7 ' Ì4m-4 m .■ 

m = 2R/d 

= 2 [ 100)/20 = 10 

16(437. 5) (100) [" 2(1Q) -1 

tt(20 3 ) 2 ( 10)- 4 


W = 34.79 MPa 


-ỳ Equatioii (3-10) 


0.615 

10 


Problem 347 

Two steel springs arranged in series as shown in Fig. P-347 supports a load P. The 
upper spring has 12 turns of 25-mm-diameter wire on a mean radius of 100 mm. The 
lower spring consists of 10 turns of 20-mmdiameter wire on a mean radius of 75 mm. If 
the maximum shearing stress in either spring must not exceed 200 MPa, compute the 
maximum value of P and the total elongation of the assembly. Use Eq. (3-10) and G = 
83 GPa. Compute the equivalent spring constant by dividing the load by the total 
elongation. 
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Solution 347 




Sprirg (1) 
n = 12 turns 
d = 25 mm 
R = 100 mm 
m = 2(100)/25 = 8 

Spring (2) 
r = 10 turns 
d = 20 mm 
R = 75 mm 
m = 2{75)/20 = 7,5 





16PR í 4 m - 
nd 1 1 4ra 


1 0.615; 

4 m ) 


For Spring (1) 

16F(10Q) 


200 = 


7t(25 ) 
P = 5182.29 N 

For Spring (2) 

200 = 


Equabon 3- 10 


4(8) - 1 0.615 

4(8) -4 S 


16P(75) 

4(7.5) -1 0.615' 

tt(20 3 ) 

4(7.5) -4 7.5 


P = 3498.28 N 
Use P = 3498.28 N 


Total elongation; 
5 = Si + ôt 


5 = 

64PPM 

6ÌPR s n ' 

t 3 + 



l Grf 4 X 

L GíÍ 4 J 


_ 64(3498,28)(100 3 )12 Ó4(3498.28)(75 3 )(10) 

83 000(25 4 ) 83 000(20 4 ) 

8 = 153.99 mm 


Equivalent spring constant, fceqmvaJent: 


k 


eqiávaicnt 


p_ 

3 


3498.28 

153.99 


ííequivaLsrit 22. / 2 N/lllLLl 


Problem 348 

A rigid bar, pinned at O, is supported by two identical springs as shown in Fig. P-348. 
Each spring consists of 20 turns of %-in-diameter wire having a mean diameter of 6 in. 
Determine the maximum load W that may be supported if the shearing stress in the 
springs is limited to 20 ksi. Use Eq. (3-9). 
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Solution 348 


. 16PRÍ â 

Tmuc ; 1 +" , _ 

Tïd* [ 4 R 


-ỳ Equation (3-9) 


20 000 = 16P ^ 


tt( 3/4) 3 
P = 519.75 lb 


1 + 


3/4 

4(3) 


For diis problem, the critical spring is tlie one 
subjected. to tension. Use P: = 519.75 Ib. 



Si= |5z 




■' 64P 7 R 3 m ì 


GéÍ 4 2 , Gfí 4 
Pi = jPi= y (519.75} 
P L = 259.875 lb 




ZM d = 0 

7W = 2Pi + 4 P 2 

7W = 2(259.875) + 4(519.75) 

W= 371.25 lb 


Problem 349 

A rigid bar, hinged at one end, is supported by two identical springs as shown in Fig. P- 
349. Each spring consists of 20 turns of 10-mm wire having a mean diameter of 150 
mm. Compute the maximum shearing stress in the springs, using Eq. (3-9). Neglect the 
mass of the rigid bar. 



Solution 349 


http://librosysolucionarios.net 




Ò 2 Û n 

Y = ~ 6 ~ 

Si= j S 2 

64 F^PJn 1 í 64P 2 i? 3 ?i j 

GcF _ 31, Gíf 1 J 

Pl = jPi 

bángeô smjpart — 0 

2Pi + 6P : = 4(98.1) 

2(^P 2 ) +6Pz = 4(93.1) 

P 2 = SS.36 N 

Pi = | (58.86) = 19.62 N 

16PJÎ fi â "\ 

Tmax = H 1 ■* EquatiOïi ( 3 - 9 ) 

nvr \ 4R ) 


For spnng at left: 

ltì(19.62)(75) 


Tmaxl - 


TI(10 3 ) 

= 7.744 MPa 


1 + - 


10 

4p5) 


For spiing at light: 




ltì( 53.86) (75) 
ti(10 3 ) 


10 

4(75) 


Taiarf = 23.232 MPa 
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Problem 350 

As shown in Fig. P-350, a homogeneous 50-kg rigid block is suspended by the three 
springs whose lower ends were originally at the same level. Each steel spring has 24 
turns of 10-mm-diameter on a mean diameter of 100 mm, and G = 83 GPa. The bronze 
spring has 48 turns of 20-mm-diameter wire on a mean diameter of 150 mm, and G = 
42 GPa. Compute the maximum shearing stress in each spring using Eq. (3-9). 



Solution 350 

= 0 

Pi + P 2 + P 3 = 490.5 -ỳ Equation (1) 

SMi = 0 

Pi(l) +Pî(3) = 490.5(1.5) 

Pi + 3 Pì = 735.75 4 Equation (2) 

1 _ 3 

+ |-Si 

64P 2 (50 3 )(24) _ 1 [" 64P 3 (7d 3 )(48) 

83 000(10 4 ) T[ 42 00 0(20 4 ) 

ifMP^SO 3 )^)" 

' 3"' 83000(10 4 ) 

■®ît P 2 = -gî^r Ps + tìs " Fl 

P 2 = ^P 3 + ^P! Equation (3) 
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From Equatîon (1) 

Pi = 490.5 - Pi- Ps 

Substitute Pi to Equation (3) 

-è P2 (490.5 -P,-P 3 ) 

166 P 2 = 1792 P 3 + Tôc “ ìtf Pî 

-Js p i = m - 1S3í P * Equation (4) 

From Equation (2) 

P 2 = 735.75 - 3P S = - 3P S 

Substitute P 2 to Equation (4) 

_L_ f M ,V = m _ 1C45 

líí' i ^ 1 3 4 I6tì 1-JS 73 d j 

í 1045 15 ïn . - ?B1 14 715 

t 143^0 “ lòò >^ 3 “ ïtó 53Î - 

P 3 = 195.01 N 

P 2 = 735.75 - 3(195.01) = 150.72 N 
Pi = 490.5 - 150.72 - 195.01 = 144.77 N 


16PR |' d 'i 

W ~^M 4P.J 


Equation (3-9) 


For steel at left: 

16(144.77) (50) 


Taiivl — 


410 J ) 


i+- 


10 

4750) 


= 38.709 MPa 


For steel at riglit: 

16(150.72)(50) 


T oia.\l 


410") 


1 + - 


10 


4(50) 


= 40.300 MPa 


For phosphor bronze: 

16(195.01) (75) 




420 3 ) 


1 + - 


20 

4(75) 


= 9.932 MPa 
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Shear & Moment in Beams 


DEFINITION OF ABEAM 

A beam is a bar subject to forces or couples that lie in a plane containing the 
longitudinal of the bar. According to determinacy, a beam may be determinate or 
indeterminate. 

STATICALLY DETERMINATE BEAMS 

Statically determinate beams are those beams in which the reactions of the supports 
may be determined by the use of the equations of static equilibrium. The beams shown 
below are examples of statically determinate beams. 


p -tfffl TTTT 

” /iii a?.. 

S 








Cantilever BeaT 


P M 

. A. - (? —& 

Simple Beam 
w (N/m'l 

3sk 

Overhangïng Beann 

STATICALLY INDETERMINATE BEAMS 

If the number of reactions exerted upon a beam exceeds the number of equations in 
static equilibrium, the beam is said to be statically indeterminate. In order to solve the 
reactions of the beam, the static equations must be supplemented by equations based 
upon the elastic deformations of the beam. 

The degree of indeterminacy is taken as the difference between the umber of reactions 
to the number of equations in static equilibrium that can be applied. In the case of the 
propped beam shown, there are three reactions Ri, R 2 , and M and only two equations 
(IM = 0 and sum;F v = 0) can be applied, thus the beam is indeterminate to the first 
degree (3 - 2 = 1). 
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Fïxed or Rest ained Beam 



Continuous Beam 


TYPES OF LOADING 

Loads applied to the beam may consist of a concentrated load (load applied at a point), 
uniform load, uniformly varying load, or an applied couple or moment. These loads are 
shown in the following figures. 



Unifbiînly Varying Load Applied CoupSe 
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Shear and Moment Diagrams 

Consider a simple beam shown of length L that 
carries a uniform load of w (N/m) throughout its 
length and is held in equilibrium by reactions Ri 
and R 2 . Assume that the beam is cut at point C a 
distance of x from he left support and the portion of 
the beam to the right of C be removed. The portion 
removed must then be replaced by vertical 
shearing force V together with a couple M to hold 
the left portion of the bar in equilibrium under the 
action of Ri and wx. The couple M is called the resisting moment or moment and the 
force V is called the resisting shear or shear. The sign of V and M are taken to be 
positive if they have the senses indicated above. 

Solved Problems in Shear and Moment Diagrams 

INSTRUCTION 

Write shear and moment equations for the beams in the following problems. In each 
problem, let x be the distance measured from left end of the beam. Also, draw shear 
and moment diagrams, specifying values at all change of loading positions and at points 
of zero shear. Neglect the mass of the beam in each problem. 

Problem 403 

Beam loaded as shown in Fig. P-403. 


30 kN SO kN 




Fìgure P-403 
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Solution 403 


From the load dìagram: 
TMs = 0 

5jRd + 1(30) = 3(50) 

Rd = 24 kN 


EMí>=0 

5 R e = 2(50) + 6(30) 
R e = 56 kN 

Segment AB: 

= -30 kN 
Mab = -30i kN"-in 


30 kN 



K 


Segment BC: 

Vec = -30 + 56 
= 26kN 

Mbc = -30.v + 56(.r - 1) 
= 26 :ï - 56 kN-m 


30 kN 




Segment CD: 

Vcd = -30 + 56-50 
= -24 kN 

Mcd = -30v + 56{x - 1) - 50(x - 4) 
= -30v + 56v - 56 - 50.\ + 200 
= -24v + 144 


load 

Diagrani 


Shear 

Dìagram 


Moment 

Dìagram 



To draw tlie Sliear Dìagram: 

(1) In seg ,r ïient AB r the shear is 
uniformly distiibuted over íhe 
segment aí a magnitjde of -30 
kN. 

(2) In segment 3C r the shear is 
uniformly distributed at a 
magnilude of Z6 kN. 

(3) In segment CD, the shear is 
uniformly distributed at a 
magïiiïude of -24 kN. 

To draw the Moment Diagram: 

(1) The equation M Aa = -30x is 

linear,. a: x = 0, = 0 and at 

x = 1 nij = -30 kN m. 

(2) Mbc = Z6k - 56 is also linear. 
û.t k = 1 m, M Ej= = -30 kN m; at 
x = 4 m r M Ej= = 48 kN m. When 
M sz = 0 r k = 2.154 m, thus the 
moment is zem at 1,154 m 
from B, 

(3) M cd = -24x + 144 is agaïn 
linear. At x = 4 m ; M CD = 4S 
kN m; at k = 6 m r Mqj = 0. 
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Problem 404 

Beam loaded as shovvn in Fig. P-404. 


2000 \b 



Ri Rd 

Figure P-404 

Solution 404 

IMa = o TMd = 0 

12R d + 4800 = 3(2000) 12 R A = 9(2000) + 4S00 

R d = 100 lb R a = 1900 lb 

Segment AB : 

Vae = 1900 lb 

Mab = 1900.X lb-ft r a = 1900 ib 

Segment BC: 

V B c = 1900 - 2000 
= -100 lb 

M bc = 1900* - 2000 (jt - 3) 

= 1900jï - 2000r + ÓÛ00 
= -lOOi + 6000 




2000 Ib 



R* = 1900 Ib 


Segnient CD: 

Vcd = 1900 - 2000 
= -100 lb 

Mcd = 1900i - 2000(i - 3) - 4800 
= 1900i - 2000i + 6000 - 4S00 
= -1001 + 1200 



I -100 Ib 

I 

I 

I 

5700 Ibft 



Lodil 

Diagraiti 


Shear 

Diagraiïì 


Moment 

Diagram 


To draw the Shear Diagram: 

[L} At aegment A3 r the slieai is 
jnifosTïily distributed at L9ÍH3 Ib. 

[2J A shear of -100 Ib is unifoimly 
distributed over segments BC 
and CD. 

Tt> draw the Moment Dìagram: 

[1} MftE = 19'DOx is linear; at k = 0 t 
M = 0: at x = 3 ft, M Ae = 5700 
Ib-ft. 

[2) For segme^it BC r Mbc = -1íH}k -F 
SíïOO is linear; at > = 3 ft r M Ej= = 
5700 lb-ft| at k = 9 ft r Mk = 
5100 Ib-ft 

[3] Mqj = -100k + 1200 is again 
Sinear; at x = 9 ft, Mcd = 500 
Ib-Ptr atx = 12 ft M cd = 0. 
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Problem 405 

Beam loaded as shovvn in Fig. P-405. 


so m 

{ 10 m/ïTY 


2 



UJ 



t > 

, B í 

l ZfT1 

8 m *j 

Rr 


Figure P-405 


Solutîon 405 


10 kNfm 


TMa = 0 

ÌQR': = 3(30) + 5 [10(10)] 
R c = 66 kN 


TMc = 0 

10R a = 8(30) + 5[10(10)3 
R a = 114 kN 



Rx= 114 kM 


80 kN 


Segment AB : 

Vab = 114 - 10jt kN 
Mab = 114* - 10*(*/2) 


= 114* - 5x 2 kN-m 
Segment BC: 

V EC = 114-30- 10* 

= 34 - 10* kN 

M bc = 114* - 8 Q{x - 2) - 10*(*/2) 
= 160 + 34* - ô* 2 


|i 2 m j-l 

80 kN 

| 3 10 kN/m 


|||||||||h 

nz 

t 

K >| 

N 

r 

R*= 114 k; 




Load 

Dlagraun 


Shear 

Dìagrâin 


Moment 

Dìagrain 


To draw the Shear Dìagram: 

(1) For segment AB r = L14 - L0 k 
is linear; at x = 0 r Vah = 14 kN; at 
x = 2 m r V„ = 94 kN. 

(2) Vbz = 34 - L0> fbr segmem BC is 
linear : at x = 2 m r V K = 14 kN; at 
x = 10 m r Vec = -66 kN. When V K 
= 0 r x = 3.4 m thus V K = 0 aï L.4 
m from B, 

To d ra w the Moment Diagram: 

(1) M fta = 114x - Sx 1 is a second 
deg=iee curve for segmen* AB; at x 
= 0, Mah = 0; at x = 2 m p H*a = 
Z08 kN-m. 

(2) The moment diagram is also a 
second degree curve for segment 
BC given by Mec = LtìO - 34k - 
Sx 2 ; at >: = 2 m f M E r = 203 kN-m; 
at >[ = 10 m r M k = 0. 

(3) Note that tíie maximum moment 
occ Ji's at point of zero shear. 
Thus r at x = 3.4 m r Mbc = Z17.8 
kNm. 
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Problem 406 


Beam loaded as shovvn in Fig. P-406. 

900 lb 400 Ib 



60 Ib/ft { 





t > 

B C J 


4 ft 

Bft 

6 ft 


R* Rc 

Fìgure P-406 


Solution 406 

TMa = 0 

12Rc = 4(900) + 18(400) + 9[(60){18)] 
Rr = 1710 Ib 


900 Ib 


r 

4 ft 


f 60 Ib/ft 

ì t i r ìr v 

c 

□ 

n. 

ì 


t* x \ 

R. j = 67 -D b 


ZMc = 0 

12 Ra + 6(400) = 8(900) - 3[60(1S)] 
Ra = 670 Ib 

Segment 715: 

Vae = 670 - 60jc Ib 
Mab = 670jc - 60x(x/2) 

= 670.Ï - 3Û.ï 2 lb-ft 

Segment BC: 

V BC = 670 - 900 - 60ï 
= -230 - 60jc lb 
M bc = 670.Y - 900(jc - 4) - 60*(*/2) 
= 3600 - 230jc - 30jc 2 lb-ft 


60 Ib/ft 



= 670 Ib 


A 

R, 


9 oa -b 


i 


60 Ib/ft 


i ï ! 31 3 L_i L_5 LJi LJ L^3 !_ 


b 


4ft — >\ 
670 lb 


■ S ft ■ 


4 


R c = 1710 lb 


Segment CD: 

Vcd = 670 + 1710 - 900 - 60* 

= 1480 - 60,r Ib 
Mcd = 670* + 1710(jc - 12) 

- 900 (.v - 4) - 60.v(r/2) 

= -16920 + 1480.V - 3Q:v 2 lb-ft 
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To draw the Shear Oiagram: 

(1) V^E = 670 - 6ûk for segmert AB is 
linear; at x = 0 r Vah= 670 Ibj at x 
= 4 ft r = 430 Ib. 

(2) Foî' segment 9C r Vk = -230 - SOx 
is also linear; at x= 4 ft r = - 
470 Ib, at x = 12 ft r Vbc = -950 Ib. 

(3) Vqj = 14B0 - 60x fior segmert CD 
is again linear; at x = 12, Vm = 
760 lb: at x = 18 Vo, = 400 Ib. 

To draw tlie Monient Diagram: 

(1) M*e = 670x - 30x’ fbr segment AB 
is a second degree cuive; at x = 
0, Mje = Oj at x = 4 ft, = 2200 
Ib-ft 

(2) For BC, Mbc = 3600 - 23 Ox - 30x 2 r 
is a second degiee cuive: at x = 4 
ft, Mgc = 2200 Ib ft, at x = 12 ft r 
Mbc = -3430 Ib-ft; When M ac = 0, 
3630 - 230x - 30X 2 = 0 r x = - 
15,439 ft and 7.772 ft. Take x = 
7.772 ft r thus, the moment is zero 
at 3.772 ftfiiom 0. 

(3) For segment CD, Mcd = -16920 4- 
14BQx - 30X 2 is a second deg :ee 
cuiYe; at x = 12 ft, Mcd = -3480 
Ib-ft; at x = 16 ft, Mcu = 0. 


Problem 407 

Beam loaded as shown in Fig. P-407. 


Figure P-407 30 kN/m 



Solution 407 

YMa = 0 TMd = 0 

6 Rr> = 4[2(30)J 6Ra = 2[2(30)J 

Rd = 40 kN" Ra = 20 kN 


Segment AB: 

Vab = 20 fcN 
M.'ìe = 20x kN-m 
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30 kN/m 



Seginent BC\ 

Vbc = 20 - 30{x - 3) 

= 110 - 30jt kN 

Mec = 2Qx - 3Q(x - 3)(x - 3)/2 
= 2Qx - 15 (x - 3 ì 2 


30 kN/m 



Segment CD: 

V CD = 20 - 30(2) 

= -40 kN 

Mcd = 20.\: - 30 (2) (x - 4) 

= 2D.ï - 60(x - 4) 


30 líN/m 



3 m 





Load 

Diagrsni 


Shear 

Diagram 


Morneut 

Diagrani 


To draw tlie Sliear EHag ram: 

(1) For segment A0, ttie shear is 
unlfbi mly disteibuïed aï 20 kN. 

(2) tffcc = 110 - 30 m for segmeot SC; 
at m = 3 m, V EC = 20 :<N; at x = 5 
m, Vác = -40 ^N. Fdr V BC = 0, x = 
3,67 m or 0.67 m from B. 

(3) The shear for segmeîit CD is 
unífbrmly distiibuîed at —40 kN. 

To draw the Monient Diagram : 

Çl) For AB r M ab = 20x; at x = 0, M^ = 
0; at x = 3 m. M AB = 60 kN-m. 

Ç2) Mec = 20x - 15(V - 3) 1 fòr 
segment SC is second degree 
curve; at x = 3 m r M K = 60 StN m; 
at x - 5 m f Mec = 40 kN-m. Note 
tiat maxímum mornent occjrred 
at zero shear; at x = 3.67 m r Mbc 
= 66.67 kN m. 

(3) Mcd = 20x - 60(x - 4) for segment 
BC is linear; at x = 5 m r Mqj = 40 
kN-m; atx = 6 rn^ M. ZD = 0. 


Problem 408 

Beam loaded as shown in Fig. P-408. 


Solution 408 



Figure P-406 


TMa = o 

6iì c = 1 [2(50)3 + 5 [2(20)] 
Rr = 50 kN" 


TMd = 0 

6R a = 5 [2(50)3 + 1 [2(20)1 
R a = 90 kN' 
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50 kHfm 


50 kh/m 


■+ 1 

n 

n 


L, 

Ra = 90 kN 

k X 



Segment AB\ 

Vab = 90 - 50.v kN' 
Mae = 90x - 50v(.% / 2) 
= 90v - 25v 2 

Segment BC: 

V BC = 90 - 50(2) 

= -10 kN 


VN 


M 


1 

> 


v j à í i 


R* = 90 


M B c = 90jc - 2(50)(x - 1) 
= -10x + 100 kN m 



Segment CD: 

Vcd = 90 — 2(50) - 20(jí - 4) 

= -20jc + 70 kN 
Mcd = 90jc - 2(50) (* - 1) 

- 20(x - 4)(.r - 4) /2 
= 90 jc - 100(x - 1) - 10{x - 4) 2 
= -lOx 2 + 70jc - 60 kN m 



To draw the Shear Diagram: 

(1) Vjh = 90 - 50x is linear; at x = C, Vbc 
= 90 kN; st * = 2 m ( V BC = -10 kN. 
When Vjh = 0, x = 1.8 m, 

(2) V K = -10 kN aíong segment BC, 

(3) V m = -20 k + 70 Î5 linear; at k = 4 
m r V CD = -10 kN; at x = 6 m r V m = - 
50 ScN, 

Td draw the Monient Diagrain: 

(1) M afi = 90x - 25x 3 is second degreej 
at h = 0, Mtó = 0; at k = Lfl m, M* a 
= fll kN m; at x = 2 iïi ( , M a = 80 
kN-m. 

(2) Mbc = -10x + 100 is linear; at x = 2 
m r Mb;; = flO kW-m; at x = 4 m, Mac = 
60 kN-m. 

(3) M m = -10x 3 + 70x - 60; at x = 4 m, 
Mcû = 00 kN m; at k = 6 m, M c0 = 0. 
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Problem 409 

Cantilever beam loaded as shovvn in Fig. P-409. 



Fignre P-409 


Solution 409 




A 


r'fViMhMMf 


B 



Segment AB: 

VaE = -WcX 

Mab = -Wox{x/2) 

= - T ZVçX 2 


'A'f 


u v 'hf v 


ï 


I* * -*l 


Segment BC: 

Vbc = -Wo(L/2) 

= — "i" LÌ\:'Í_ 

Mec = -a?fl(L/ 2)(x - L/ 4) 
= - À WpLx + ŷ zvd- 1 



To draw tlie Shear Diagrain: 

(1) Víê = -WoK for segrr ent AB is íinear; at k = 0, V*h 

= Q; at x = L/2 r V PB = -j w 0 L 

(2) At BC r the shear is uniformly distribjted by - 
\ w n L. 

To draw the Monient Diagram: 

(1) M*e = - j w 0 x 2 is a second degree cm\e; aí x = 

0. M* = Q; at x = L 72 , 

(2) Muc = - y ví 0 Lk + ìr vv 0 L J is a second degree; aï 
x = L/2 f M k = -y w 0 L 2 ; at x = L, = - 
1 w n L 2 . 
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Problem 410 

Cantilever beam carrying the uniformly varying load shown in Fig. P-410. 


Solution 410 




Shear equation: 



Moment equation: 





3 


To draw the Shear Diagram: 

w 2 

V = x ìs a secoîid degree cuivej 

ZL 

at x = 0, V = Op at x = L, V = -j w [> L 

To draw tìie Moment Diagram: 

W 3 

M = x is à tdird deg^ee cusvej aï 

6L 

x = 0, M = 0; at x = L r M =-| 
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Problem 411 

Cantilever beam carrying a distributed load with intensity varying from wo at the free 
end to zero at the wall, as shown in Fig. P-411. 



Solutîon 411 





To draw the Sliear Oiagrani: 

2 

V = — — h - w x is a concave 
2L 

ypward second degree c jive; at: x 
= 0, V = 0;atx = L,V=-y wJl. 

To draw the Monient diagram: 

M = -—^x 2 + is in diird 

2 6L 

degree; at x = 0, M = 0; at x = L, 
M = -ỳ w. 3 L 2 . 




L-x 


ií ' 


y--±(L-x) 


Fj = j-xiïOc - y) 


1 

= — .v 

2 1 

1 

= — x 

2 


= ^ 3 
21 

F> = xìí = x' ■ 


iv.. 


w 0 ~-±{L-x) 






L L 


<L-x) 


= T^~ x) 


Shear equation: 

V=-Fi-F 2 = -—x 2 - ^ÌLx-x 2 ) 
2 L L 


w. 


c „2 




-X - W X + 

2 L 0 L 

= —X 1 - TV n X 

2L 


o „2 


Moment equation: 
M = - i xFi - y xFi 


1 

— Jt 

f-ÏÏLx’ì 

1 

.Y 

^(Li-x 2 ) 

3 

Ì2L J 

2 

_ L 


= _Ìík. r 3_^ + i£L,-3 

3 L 2 2L 


„2 


„3 


X -I- — -X 
2 61 
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Problem 412 

Beam loaded as shovvn in Fig. P-412. 


Solution 412 



R* = 800 Ib 


Fìgure P-406 

800 Ib/ft 


£__i 




T, 

.. 

u 




A 

1 I 

t , 

B 

S! 


■ 2 ft 

r 4ft n 

2 ft 


TMa = o 
6_R,_- = 5[6lS00)] 
Rc = 4000 Ib 


YMc= 0 
6 R a = 1 [6(800)] 
R a = 800 lb 


Segment AB: 
Vab = 300 lb 
AíUf = SOO.y 


flOO Ib/ft 




t 

i — 

u 



A r 

t— 

R* = 800 Ib 


Segment B C: 

V B c = 800 - S00(jt - 2) 

= 2400 - SOOx 

M flC = SOOjï - S00(.v - 2)(jt -2) /2 
= SOOjï - 400 (jt - 2) 1 


BQO Ib/ft 


B. 

i r V V -'f V 1L_Ï_J 


1 4 

Ti ^ -ff > 

C j 

0 lb 

r 2 1 1 p 

= 800 lb 

U 

Rc = 400 
x 


Segment CD: 

Vcd = S00 + 4000 - SÛ0(x - 2) 

= 4800 - SOÛJt + 1600 
= 6400 - SOÛJt 

Mcd = 800.V + 400 0(x - 6) - 800(x - 2)(x -2) /2 
= 800x + 4000(x - 6) - 400(x - 2) 2 


flBO Ib/ft 


H 


I 1 ï 


fUzft^jÌ 

fu = bûd ib 


4 ft 


ïl D 


Load 

Diagram 


Rc = 4DD0 lb 



Shear 

Diagram 


Monieitt 

Diagram 


To draw the Shear Diagram: 

[1] SDO I b of shear fovce is uniformlv 
distributed aíong segmeíit AB. 

[2] V EJ= = 2400 - SOOx is linear; at x = 2 fi f 
Vbc = BOO Ib; aî s = 6 ft; Vec = -2400 
Ib. When V K = O r 2400 - 800* = 0 r 
thus k = 3 ft or Vk = 0 at 1 fi from B. 

[3] V ro = 6400 - 300x is a^so ihear; at x = 
6 ft, Vd) = 1600 Ibj at x = S ft, Vat = 0. 

To dravv the Moment Diagram: 

[1) M^ = SOOx Is linear; at x = 0, = 0; 

atx = 2 ff, Mab= 1600 Ib-Ft. 

[2] Mbc = 5 OÛx - 400(x - 2f ìs second 
degree cuave; at x = 2 ft, Mbc = 1600 
Ib-ft; at x = 6 ft r Mk = -1600 lb-ftj at x 
= 3 ft r M k = 2ÍHÏ0 Ib ft 

[3} Mnj = SOOx + 4000(x - 6) - 400(x - 2 ) 2 
is also a second degree curve; at x = 6 
ft r Mcd = -1600 Ib-ft; at k = 3 ft, M CD = 
0. 


http://librosysolucionarios.net 



Problem 413 

Beam loaded as shown in Fig. P-413. 


Figure P-413 

100 Ib/ft 

m 1 I I I ' I I I I I 1 M = 1200 Ib-ft 


+ + + V V 

■ f t V V >■ > f ¥ i- ■¥ -j 

V) i 

J 

\ B 


_£ 


2 ft 

4 ft 

i ft 1 1 ft" 


Solution 413 

ZMb = 0 

6R E = 1200 + 1 [6(100)] 
R £ = 300 íb 


100 fc/ft 




f 1r v v v ' 




áB 

2 ft >[ 


R a = 3CO Ib 

*- X * 


IMe- 0 

6Rf + 1200 = 5 [6(1 00)] 
Re = 300 Ib 


Segment 
V AE = -IOOjc íb 
Mab= 100x(:r/2) 
= -50 jc 2 lb-ft 


100 Ib/ft 



Segment BC: 

V E c = -100 ï + 300 Ib 
M bc = — 100jc ( Jt/ 2) + 300 (jí - 2) 
= -50x 2 + 300x - 600 lb-ft 


100 Ib/ft 


u 

□ 

l * V J 


□ 



LjL 


□ 



ffl 


1 i 




4 ft 


R a = 300 Ib 
x 


Segment CD: 

Vcd = -100(6) + 300 
= -300 Ib 

Mcd = -100(6) (x - 3) + 300{x - 2) 
= -6Q0r + ÌSOO + 300x - 600 
= -300x + 1200 lb ft 


100 Ib/ft 

f > f 1 unn 

LJJ, 

L^UU ID-Tt 

Vïïlf 'f & \ f 

O 1 S 

4- 7 f: >L 

C|DV | 

Rt = 300 Ib 

— x 

r j 'i 


Segment DE: 

V DE = -100(6) + 300 
= -300 lb 

M de = -100(6)(r - 3) + 1200 + 300(x - 2) 
= -ÓOOx + 1300 + 1200 + 300x - 600 
= -300x + 2400 
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LOfl Ib/ft 


y f 


f T- 


M = 1200 Ib ft 
E 




4 ft 


^ -g) 

Ci dV 

— i f 4*- ] 


□ 


ï Loadl 
+|* 1' ^ Dlagram 



To draw the Shear Diagram: 

U) ^ae. = -100* is linear; at x = 0, V tó = 
0; at x = 2 ft r V*e = -200 Ib. 

(2) V ec = 300 - lflflx is also linear; at x 
= 2 ft r Vbc = 100 Ib; at x = 4 ft, Vnc 
= -300 Ib. Wh«i Vbc = 0, x = 3 ft, 
or Vk =0 at 1 ft fnom S. 

{3) The sbear is urífonnly disbibuied at 
-30fl Ib aîong segmenis CD and DE. 

To draw the Mornent Diagram: 

(1.) M ae = -50x 2 is a second degree 
curve; at x= 0 f M.ù £ . = 0; at x = ft r 
M tó = -200 Ib-fL 

{2) M k = -5flx 2 + 300x - 600 is also 
secord degree; at h = 2 ft; M B c = - 
200 Ib-ft; at x = 6 fL Mbc = -600 
Ib-ft; atx = 3 ft, M K = -150 l-ft 

(3) Mcd = -300x + 1200 is línear; atx = 
6 ft r Mcd = — 600 Ib-ft; at x = 7 ft r 
Mcd = -900 Ib-ft. 

(4) Mct = -300 k + 2400 is again linear; 
at x = 7 ft. Mct = 300 Ib-ft; at x = 3 
ft M de = 0„ 


Problem 414 

Cantilever beam carrying the load shown in Fig. P-414. 



Solutîon 414 



Seginent AB: 

Vab = -2x kN 
= -2x(x/2) 
= -x 1 kN-m 


2 kW/m 

1 I 1 11 i 

A I ] 

\r * 


Segmeiìl: BC: 

y 2 

x-2 3 


y= £(z-2) 
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Fi = 2x 


¥ 2 = j(x~ 2 )y 



Problem 415 

Cantilever beam loaded as shown in Fig. P-415. 


Solution 415 


Fîgure P-415 


20 kN/m 


1, 


íií 



B 

CÏ D 




40 <N 


Segment 
Vae = -20.v kN 
Mab = -20jt(.\/2) 

= -10jt 2 kNm 


20 kN/iri 

lllllll^ 
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20 kN/m 


Segment BC: 

Vec = -20(3) 

= -60 kN 

Mbc = -20(3)<jc - 1.5) 

= -60(jt - 1,5) kN-m 




Segmenl: CD: 

Vcn = -20(3) + 40 
= -20 kN 

Mcu = -20(3) (jc - 1.5) + 40(jc - 5) 
= -60 (x - 1.5) + 40 (x - 5) 



To draw tlie Shear Diagram 

(1) Vje = -20x fbr segment AB is linear; at 
x = 0, V = 0; at x = 3 m, V = -60 kN. 

(2) V K = -60 kN is unïformly distribuîed 
along segment BC. 

(3) Shear is uniform slong segnent CD at 
-20 <N. 


To draw the Moment Dlagrain 

(1) Míe = -10x : for segment AB is second 
degree cuive; at x = 0 r M«â = 0; at x 
= 3 m, M* a = -90 kN m, 

(2) M k = -60(x — 1.5) for segmert BC is 
íirear; at x = 3 m, Ma; = -90 kN m; at 
x = 5 m, M K = -210 kN m, 

(3) = -60(x - 1 . 5 ) + 4Q(x - 5) for 
segnrent CD is also iinear; at x = 5 m, 
M m = -210 kfim, at x = 7 m, M^j = - 
250 kN m, 


Problem 416 

Beam carrying uniformly varying load shovvn in Fig. P-416. 
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Solution 416 




M^Rix-F x (±x) 



Moiìient Dìagram 



To draw the Sliear Diagrem: 

V = 1/6 Lw a - vv^/ZL ìs a eecond deg=ee cltvg; at x = 
0, V = 1/6 Lw d = Ri; at x = U V = -1/3 Lw D = -R ; ; If 
a is the locat'on of zei o shearfrom eft end, 0 = 1/6 Lw n 
- WcX s /2L r x = 0.5774L = a; to cheok, use the squared 
propeity of parabola: 

a z /Ri = L7[Ri + Ri) 
a 7(1/6 Lw„) = L-/(l/6 Lw 0 + 1/3 LvvJ 
a z = (1/6 lTn,, )/( l/2 LvVo) = 1/3 L 1 
a = 0.5774L â = 


To draw tlie Moment Diagrarn 

M = 1/6 Lw a x - vv^x 3 / 6L is a thind degree cuiìye; at x = 
0, M = 0; at x = L, M = 0; at x = a = D.5774L, M = 

l^fTUX 

M™ k = 1/6 Lw n [0.5774L) - w o (0 K S774L) 3 /6L 
M^, = 0.0962L 2 w a — O.D^ZIL 2 ^ 

M,™* = 0.0641LV 
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Problem 417 

Beam carrying the triangular loading shown in Fig. P- 417. 



Solution 417 


By symmehy: 


y _ 

x L/2 




M = Jîix-F(ijc) 

M = \Uo 0 x - | |(Ìjc) 

, W □ 

M = t-Luï.x — :ï 

" L 3 L 

To draw the Sliear Diagram: 

V = Lwn/4 - vYnX^/L îs □ secoíid! degnee c jive; 
a! x = 0 F V = Lwj4; e! s = 1^2, V = 0. ïhe 
otner half of the diagram can be drawn by the 
concepí of symmetiy. 

To draw tlie Moment Diagrain 

M = Lw 0 x/4 - w^f3L is a tìiird degree c jive; 
at x = Q r M = O; at x = L/2 f M = The 

otîier half of the diagram can be drawn by the 
ooncept of symmetiy. 
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Problem 418 


Cantilever beam loaded as shovvn in Fig. P-418. 



Figure P-418 


Solution 418 



Segment AB\ 

Vab = -20 kK 

A'l-is = -20.v kN-m A 

Segment B C 

= -20 kK" 

Mab = -2QLr + S0 kK‘-m 


| 20 kN 
I 



|20 kN 

A 1 = 

U 4 m 


M = SG kN m 



2 m 


■ 


Diagram 



Shear 

Diagrani 


Mornent 

Diagram 


-30 kN m 


To cìraw the Shear Diagranì: 

and are equal and constant 
at -20 kN. 


To draw the Moment Dïagram: 


(1) 

= -20s is linear; 

when x = 0 r 


Mae — 0; 

when x = 

4 m r Mae- = - 


80 kN m. 



12] 

Mec = -20s 4 50 is also íinear; 


when x = 

= 4 m, M Ej= = 

= 0; when x = 


6 m, M H c 

= -60 kN-m 



Problem 419 

Beam loaded as shovvn in Fig. P-419. 
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Solution 419 


SIO Ib 



Rl Ri 


[ TMc = û 3 9Ri = 5(810) 
Ri = 450 lb 

[ TM a = 0 j 9 R 2 = 4{S10) 

R 2 = 360 lb 




Mab = Rix-F(±x ) 

= 450.\' - 22.5x 2 ( ) 

= 450x - 7.5jt 3 Ib-ft 

Segment BC: 

Vsc = 450 - 810 
= -360 lb 

Msc = 450x: - 810{ï - 4) 

= 450í - SlOi + 3240 
= 3240 - 360 je lb-tt 


http://librosysolucionarios.net 






To draw tlve Shear Diagrarn: 

(15 V AB = 450 -22.5X 2 is a second degree 
C'Jîvej at k = 0, V*e = 450 ìb; at x = 6 
V„ = -350 Ib, 

P) At x = a r V M = 0 r 

450 - 22^ = 0 
22.Sk 3 = 450 

x = V20 

To check, use tne squared property of 
parabola. 

a 3 /450 = 6 3 /[450 4 350) 

8^ = 20 
a = m20 

(3) V K = -360 Ib is constant 

To draw the Monient Diagram: 

(1) I4* b = 450x — 7.5x 3 for segrrent ÛB is 

thisd deg ee curve; at x = 0, M*b = 0; 
at x = M20, = 1341.64 lb-ft; at x = 

6 ft, M*e = 1080 Ib-ft 

(2) IV = 3240 - 360x fior segn’ent BC is 
linear; at x = 5 ft, M nc = 1080 lb-ft; at 
x = 9 fì, Mk = 0. 


Problem 420 

A total distributed load of 30 kips supported by a uniformly distributed reaction 
shown in Fig. P-420. 


W = 30 kips 


r 

“ 







“ 





■. y 



- 




V A 

r 




k A 

U— 4 ft — > 

< 12 ft » 

■U— 4 Ft — J 


Rgure P-420 
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Solution 420 


W = 30 kips 


r Ib/ft 


w Ib/ft 

j HJ 



- 





v 4 

F 



I * 

jrr-i 

I 

iï 

ffl 

n 

i 

n 

n 


n 

IE 

— 


II 

D 

*- 4 ft H 

4. 



12 ft 




Á 

4 ft 

À 


w = 30(1000)/ 12 
w= 2500 Ib/ft 


ZFv = 0 
R = W 

20r= 30(1000) 
r =1500 lb/ft 


2500 lb/ft 



First segment (from 0 to 4 ft from left): x 


= 750x z r = 1500 Ib/ft 

Second segment (from 4 ft to mid-span): 

y 2 = 1500 a" - 2500(.v - 4) 

= 10000 - 1000.X 

M 2 = 1500x(x/2) - 2500(.v - 4)(x - 4)/2 
= 750x- - 1250(x - 4) 2 


= 15O0x 

Mi = 1500x{x/2) 


1 j 



L J 

r* 


25 Ib/ft 




T * 

_t 


* V 

•+ •+ 




iï 

ffl 


n 

L -Ỳ- <|. J > 

1500 'b/ft 
1 1 ! !_ 

in 

* j* 


iï 

D 


4 ft 


12 ft 


4 h >1 



To dravv ttie Sliear Disgram: 

(1) Far the fìrst segnnentj Vi = 150Qx is 
Isnear; at x = 0 r Vi = 0; at x = 4 fì; Vi = 
60M b. 

(2) Rx' Ihe secOTd segment; V 3 = 100C0 - 
LOÍïOx is also liîiear; st k = 4 ft Vi = 
6000 :b; ai mid-cpan r x = 10 ft, V t = 0. 

(3) Fíx' Ihe mexit half of íhe beam, the shea* 
diagram can be accomplished by the 
concept of symrretiy. 

To draw tíie Monient Diagrani: 

(1) For the fìrst 5e&ment r = 7 Sílx 2 is a 
second degnee cj?ve r an open upvvaid 
pasabola: at x = 0 F M x = 0; at x = 4 ft^ 
M, = 12000 íb-ft 

(2) For the sec&nd segment.. M 2 = 7SDx 2 - 
1250(x - 4) 2 is a second degiee cj?ve r 
an downward paíatoa: at x = 4 ft. Mi = 
L2Q00 lb-ft; at mid-span r x = 10 ft r M ; = 
30000 Ib-ft, 

(2) The next half of tiie diag^am, from x = 
L0 ft to x = 20 ft, can be drawn by using 
the concept of symmeiiy. 
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Problem 421 

Write the shear and moment equations as functions of the angle 0 for the built-in arch 
shown in Fig. P-421. 



Solution 421 




v- + 



For 0 tliat is less tliAn 90° 

ComponerLts of Q And P: 

Qx = Q 5in 0 

Q y = Q 'COS 9 

P* = P sin (90° - 0) 

= P (sin 9Q = cos 6 -^oí^-99 £r ^íïr&) 
= P cos 6 

P v = P cos (90° - 0) 

= P [cjis-ÍE^H^os - ? + sin 90° sin 0) 
= P sin 0 


Sliear: 


V=TF y - 

V = Q,-P ? 

V = Q cos 9 - P gin 0 


Monient amis: 
ííç = P sin 0 
d? = R - R cos 0 
= P (1 - C03 0) 

Moment: 

iVI = IM. u • | J-ii 1 ** ~ IAÍl hT-^-L'IMT 

M=Q(d Q )-P(d F ) 

M = QJï sin 0 - PK(i - cog 0) 
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For 0 tliaÉ is greater thêirt 90 p 
Components of Q and P: 

Q X = Q sm {180 a - 0) 

= Q (stn 180 a cos 0 - cos 180° siii 6) 



= Q cos 0 

Qj = Q cos (180° - 6) 

= Q (cos 180° cos 0 + sin 130° sin 9) 
= -Q sin 0 

P X = P sin (0 - 90 a ) 

= P (siit 0 cos 90 a - cos 8 sin 90°) 

= -P cos 0 
P, = Pcos(0 - 90 D ) 


= P (cos 0 cos 90 a + sin 0 sin 90 a ) 


= P sin 0 


Shear: 

V = TF v 

v=-q;-p, 

V = -(-Q sin 0) - P sin 0 

V = Q sin 0 - P sín 0 

Moment amis: 

íÎq = R sin (180 a - 0) 

= P (sin 180 a cos 0 - cos 180° sin 0) 
= R sin 0 


d? = R + Jì cos (1S0 D - 0) 

= P + R (cos 1S0 D cos 0 + sin 1S0 D sin 0) 
= R - R cos 0 
= P(1 - cos 0) 


Moment: 


M=ZM_ 


oiariiírdbdbyiíir ' 


M = Q{d Q ) - P(d F ) 

xM = QR sin 0 - PK(1 - cos 0) 
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Problem 422 

Write the shear and moment equations for the semicircular arch as shown in Fig. P-422 
if (a) the load P is vertical as shown, and (b) the load is applied horizontally to the left 
at the top of the arch. 



Solution 422 






ZM c = 0 
2iî(JU) = fíP 
Ra= ±P 

For & that is less thaii 90 a 
Sheax: 

Vab = Ra co5(9O°-0) 

Vae = -s-í 1 (co& 90 D cos 6 + sin 90 D sin 8) 

Vab = 2 ? 9in ® 

Moment arm: 
áî = iî - Jì cos 6 
d = R( 1 - cos 0) 

Moment: 

MAB = R*(d) 

Mab = |PR( 1 - COS 6} 
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For S that is giíater tìiAn 90° 

Components of P and P_-l: 

P, = Psin (0 - 90°) 

= P {sin 0 cos 90 a - cos 0 sin 90 D ) 

= -P cos 0 
P y = P cos {6 - 90°) 

= P (cos 0 cos 90° + stn 0 sm 90 G ) 

= P sin 6 

Rat = Ra sm (0 - 90°) 

= P (sin 0 cos 90° - cos 0 sin 90°) 

= - 4 P cos 0 
R Ay = cos (0 - 90°) 

= ^- P (cos 0 cos 90 D + sin 0 sin 90°) 

= 4P sin tì 


Shear: 

V BC = TFy 

Vbl = ^Ay - Py 

Va-c = "ì" P sin 9 - P sin 0 

V 3C = -j^PsinQ 


Moment arai: 
d = P cos (1S0 Q - 0) 
â = R (cos 1S0 Q cos G + sin 180 Q sin 6) 
á = -R cos G 

Moment: 

Mbc = RaÌR + d) - Pd 

Msc = -ỳ P(J^ - P -cos 0) - P(-P cos 9) 

xVI S: - = +PP - ŷPP cos 0 + PR cos 0 

M S c = ±PR+ ±PRc os0 

Mbc = yPK(l + cos 0} 
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Relationship between Load, Shear, and Moment 

The vertical shear at C in the figure shovvn in previous section is taken as 


V c = (EF„) L = Ri - wx 


where Ri = R 2 = wL/2 


T 7 L ~ 

V c = wx 

1 

M c = {SM c )=yi - ïí«||] 

, , wLx lí/x 2 
M c = 

If we differentiate M with respect to 


2 2 
x: 


íÍM _ wL dx iv dx 

dx 2 dx 2 âx 

dM. wL 

= ití.r = sheai' 

âx 2 

thus, 


âM 

âx 


= V 


Thus, the rate of change of the bending moment with respect to x is equal to the 
shearing force, or the slope of the moment diagram at the given point is the 
shear at that point. 


Differentiate V with respect to x gives 


= 0 — ït 1 = load 

dx 


dV 

dx 


= Load 


Thus, the rate of change of the shearing force with respect to x is equal to the load or 

the slope of the shear diagram at a given point equals the load at that point. 


PROPERTIES OF SHEAR AND MOMENT DIAGRAMS 

The following are some important properties of shear and moment diagrams: 

1. The area of the shear diagram to the left or to the right of the section is equal to 
the moment at that section. 

2. The slope of the moment diagram at a given point is the shear at that point. 

3. The slope of the shear diagram at a given point equals the load at that point. 
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4. 


5. 

6 . 


The maximum moment occurs at the point of zero shears. 

This is in reference to property number 2, that when the 
shear (also the slope of the moment diagram) is zero, the 
tangent drawn to the moment diagram is horizontal. 

When the shear diagram is increasing, the moment diagram is concave upward. 
When the shear diagram is decreasing, the moment diagram is concave 
downward. 


SIGN CONVENTIONS 

The customary sign conventions for shearing force and bending moment are 
represented by the figures below. A force that tends to bend the beam downward is said 
to produce a positive bending moment. A force that tends to shear the left portion of 
the beam upward with respect to the right portion is said to produce a positive shearing 
force. 



Pos'tîve Berding Negative BeîidÌTig 


Posiîive Sheai' N&gatSve Ghear 

An easier way of determining the sign of the bending moment at any section is that 
upward forces always cause positive bending moments regardless of whether they act 
to the left or to the right of the exploratory section. 


Solved Problems in Relationship between Load, Shear, and Moment 

INSTRUCTION 

Without writing shear and moment equations, draw the shear and moment diagrams for 
the beams specified in the following problems. Give numerical values at all change of 
loading positions and at all points of zero shear. (Note to instructor: Problems 403 to 
420 may also be assigned for solution by semi graphical method describes in this 
article.) 
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Problem 425 

Beam loaded as shown in Fig. P-425. 



60 kN 

30 kN | 

1 ] 

i , 

[ 2 m 

* 4 m 


\ L nO 


Ri Fb 

Fignne P-425 


Solution 425 


B 1 

60 kN 

30 kN | 

1 1 

11 A 



2 m 

4 m 

1 1 ni 



ZA'L = 0 

6 R 2 = 2{60) + 7(30) 
R 2 = 55 kN 

LM C = 0 

6Ri + 1(30) = 4(60) 
Ri = 35 kN 


To draw tlie Sliear Diagrani: 

(t) V* = fti = 35 kN 

(2) V B = V* + A ea in load diagram — 60 
V„ =35 + 0-60 =-25 kN 

(3) V c = V B + anea in bad diagram + R 3 
V c =-25 + 0 + 55 = 30 kN 

(4) V D = V c + Area ïr load dagram - 30 kN 
V D =30 + 0 - 30 = 0 


To draw the Moment Diagramr 

<1} M* = 0 

(2} M b = M* + .Ai ea in sliear d'agram 
Ma = 0 +■ 35{2.J = 70 kN-m 

(3) M; = + Area in shear diagram 

M: = 70 - 25(4) = -30 ÌîN m 

(4) M d = M,- +■ Aiea in shear diagiam 
M d = -30 + 30(1) = 0 
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Problem 426 

Cantilever beam acted upon by a uniformly distributed load and a couple as shown in 
Fig. P-426. 


5 kN/m 






f v 1 



fU 

M = 60kNm 

t 


1 »-■ 1 

SSSï 




2 m 

Z m 1 m ^ 

ÍSmm 


Figure P-426 


Solution 426 


5 kN/m 









M = 60 kN m 

,B j+-C C 

c 

1 ♦ 1 

r 



> 


2 m 

Z rn 

ì m * 





To draw tlie Sltear Dìagrain 

(1) V* = 0 

[2) V B = V* + Area in load d'agram 
' V E = 0-5(2) 

V E = -10 kN 

[3) Vc = Vb + .Area h load dagram 
V c =-10 +0 

V c = -10 kN 

(4) V D = 'v'c + Anea in load diagram 
V D = -10 + 0 

V D = -10 kN 

To draw ttie Moment Dìagram 

(1) M a = 0 

(2) M e = M* + Area in shear diagrarn 
M e = 0-'A{2](10) 

M e = -10 kN m 

(3) M c = M n + Aiea in shear diagram 
M c = -10 - 10(2) 

M c = -30 kN m 

Mo = -30 + M = -30 + 60 = 30 kN m 

(4) M d = Mq + Area in síi&ar diagraiïi 
M d = 30 - 10(1) 

M„ = 20 kN m 
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Problem 427 

Beam loaded as shovvn in Fig. P-427. 



Fìgnre P-427 


Solution 427 



Load Diagrain 


flOOlb 



Moinent Diagi'am 


ZMc = 0 

12 JÏ! = 100 (12) (6) + 800(3) 

Ri = S00 lb 

TM a = 0 

m 2 = 100 (12) (6) + 800(9) 

Rs = 1200 lb 


To draw the Shear Diagram 

(1) V* = R t = 800 lï) 

(2) Vb = V* + Aiea in load diagiam 
Vb = flM - 100(9) 

V R = -100 Ib 

V H =-100-800 =-900 Ib 

(3) Vc = Voî + A- Ba in load diagram 
V c = -900 -100(3) 

V c = -1200 Ib 

(4) Solv'ng for x: 

x / 000 = (9 - x) / 100 
100x = 7200 - 800x 
x = 8 ft 

To draw the Moment Diagram 

(1) M x = 0 

(2) Mj = Mi + Aiea in shear diagram 
Mi = 0 + Vi (S)(flOO) = 3222 lb-ft 

(3) Ma = Mi + Area in shear diagram 

M b = 3200 - Vî (IX 100) =3150 lb-ft 

(4) M^ = M a + Araa 'n shear diagram 

Mc = 3150 - Vi (900 + 1200) (3) = 0 

(5) The momeni cuive BC is downward 
paiabofa vvith veitex at A r , A' is the 
locatiín of zero shearfor segment BC. 
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Problem 428 

Beam loaded as shovvn in Fig. P-428. 


10 krtfm 


25ScNlïl 

t 

M 

TT 

n 

n 

n 

n 

n 

TT 

n 

n 

m 

* 1 * 

** 

n 

i 


1 m 

I m ! 

3 m 

2 m 


Ri R 2 

Fiçjnre P-428 


Solution 428 



-20 kN m 


Moment Dìagrain 


EiVí c =0 

5Ri = 50(0.5) + 25 
Ri = 10 kX 


I 'Ma = o 

5Rs + 25 = 50(4.5) 

Ra = 40 kX 

To draw the âhear Dìagrain 

(1) V* = R t = 10 kN 

(2) V B = V* + Anea h oad diagranri 
V B = 10 + 0 = 10 kN 

(3) V c = V B + Anea in oad diagram 
V c = 10 + 0 = 10 kN 

(4) V'd = Vc + Aíiea in load diagsam 
V D = 10 - 10(3) = -20 kN 

V DÎ = -20 + R 3 = 2!}kN 

(5) V E = Ve, + Anea in load diagram 
V E = 20 - 10(2) = 0 

(6) Solvsng fbr x: 

x / 10 = (3 - x) / 20 
2Vx = 30 - 10x 
x = 1 m 


To draw Hie Moment Diagrarn 

(1) M* =0 

(2) Mb = M» + A ea in shear diagram 
M B = 0 + 1(10) = 10 kN m 

M bî = 10 - 25 = -15 kN fïi 

(3) Mc = Mbî + Area in sheai d'agrarr 
Mc = -15 + 1(10) = -5 kN m 

(4) Mr = M c + Aiea in shear diagram 
M< = -5 + Vi(l)(10) =0 

(5) M d = M, + Area ; n shear diagiam 
M D = 0 - Vi (2)[20) = -20 kN m 

(6) M e = M d + Anea in shear diagram 
M e = -20 + Vì (2H20) = 0 
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Problem 429 


Beam loaded as shovvn in Fig. P-429. 



Solution 429 

100 Ib 



I 



LM c = 0 

4Rj + 120(2)(1) = 100(2) + 120(2) (3) 
Ri = 170 lb 


PÍ4 = 0 

4R 2 = 120(2) (1) + 100(2) + 120(2) (5) 
R 2 = 410 lb 

To draw tlie Sliear Diaçrarn 

(1) V* = Ri = 170 Ib 

(2) Va = V* + Aji ea in load diagram 
V B = 170-120(2) = -70 IÍj 
V D =-70- 100 = -170 3b 

(3) Vc = Vsa + Area ir load diagraai 
V c = -170 + 0 = -170 Ib 

V C j = -170 + Rj 

V„ = -170 + ‘SIO = 240 lb 

(4) Vu = Vu + Anea in load diagram 
Vo = 240 - 120(2) = 0 

(5) Sotviîig for x: 

x/170 = (2 — x) / 70 
70 k = 340 - 170x 
x = 17/ 12 ft = 1.42 ft 

To draw the Moment Diagram 

(1) M* = 0 

(2) M, = M» + Araa jn shear diag-am 
M, =0 + Vi( 17/ 12X170) 

M, = 1445/12 = 120.42 lb-ft 

(3) M b = My + Arsa sn shear diagram 
M b = 1445/12 - Vi (2 - 17/12X70) 

M b = 100 lb-ft 

(4) M: = M e + .Aiea in stieas' dagram 
Mt = 100 - 170(2) = -240 Ib-ft 

(5) Md = M- + Aiea in shear diagiam 
M d = -240 + Vi (2X240) = 0 


http://librosysolucionarios.net 



Problem 430 

Beam loaded as shown in P-430. 


1000 IÍD 

1 400 Ib/ft 


2000 Ib 


200 Ib/ft 


tt 


I 


I 

H 

n 


1 


t 

f J 

5 ft 

10 ft ^ 

10 ft 


R. 




Fignre P-430 


Solution 430 


1000 Ib 

f 4B0 Ib/ft 


AL 


B 


2003 Ib 



200 Ib/ft 


±±±± 




10ft- 


Ri = 5000 lb 


I 

D 1 

10 ft J 


10 f 
R, = 2030 b 



Moinent Diagram 


IM d = 0 

20R X = 1000(25) + 400 (5) (22.5) 

+ 2000(10) + 200 (10) (5) 
Ri = 5000 lb 

ZMb = 0 

20Rz + 1000(5) + 400(5) (2. 5) 

= 2000 ( 10 ) + 200 ( 10 ) ( 15 ) 
R 2 = 2000 lb 


To draw tlie Sliear Dìagram 

(1) Ví = -1003 Ib 

(2) Vb = + Aiea in load diagram 

V„ = -looa - 400(5) = —5300 Ib 
V Bi = -3000 + Ri = 2000 Ife 

(3) Vc = Vbî + Area sn load diag.am 
V c = 2000 + 0 = 2000 Ib 

V u = 2000-2000 = 0 

(4) V D = V a + Area iíi load d’agraím 
V D = 0 + 200(10) = 2000 Ib 

To draw the Moinent Diagrain 

(1) M* = 0 

(2) Mb = M* + Area 'n sheardiagiam 
M b = 0 - Vi (1000 + 3000X5) 

M a = -ÌOCOO b-ft 

(3) M,; = M B + Area in sheai diagíam 

Mc = -10300 + 2000(10) = 10000 lb-ft 

(4) Md = Mc + Area ifi shear diagram 
M d = 10000 - Vi (10X2000) = 0 

(5) For segment BC, the locaiion of zeio 
mon’ent can be aacomplislied by 
symmetiy and that is 5 ft fiom B. 

(6) The momeíit cuive AB is a downward 
pa-abola wiïh ven:es< at A r . A' is tfie 
iocation of zero shear for segn’ent AB at 
pc-'nt c-jtsîde the beam. 
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Problem 431 

Beam loaded as shovvn in Fig. P-431. 



Solution 431 


50 kN 

* 4 m 


2 m 

b' 

h 


2 

m 

aM 

U-| 

rr 

Vm 

P T 1 


L3 

rnr 

i M r i 



[11 

P * ì 


r’ i 


40 kN 


10 kN/m f 

m 


II | Dl 

Tt S íïi 2m w 

R t = 7DkN Rj = 2Û0 b 

; ; Load Diagram 


3 m >| 



Mornent Diagram 


{7} Solvtng for po'rt of ziero moment: 
a / 10 = [a + 4) / 130 
130a = lOa + 40 
a = 1/3 m 

V/[x + a) = 130/(4 + a) 

V = 130[x + 1/3) / (4 + 1/3) 
y = 30* + 10 


em d -o 

7Í?! + 40(3) = 5(30) + 10(10) (2) 

+ 20(4) (2) 

Ri = 70 kN 
IMa = 0 

7R 2 = 50(2) + 10(lO)(5) + 20(4) (5) 
+ 40(10) 

Jî 2 = 200 lb 


To draw tlie Síiear Diagram 


V A = R| = 70 ScN 
V B = Va - Area in load díagram 
V B = 70 - 10(2) = 50 kH 
V E = 50 - 50 = 0 
V c = Vh + Anea ifi ‘ìoad diagram 
V c = 0-10(1) =-iOkN 
V D = V c + Anea in 5oad diagiam 
V D = -10 - 30(4) = -130 
Vna = -130 + Ri 
V D2 = -130 + 200 = 70 kN 
V c = 'm'cq + Area ín load d^agram 
V c = 70 - 10(3) = 40 kM 
V E3 = 40 - 40 = 0 


To draw the Moriïent Diagram 


Ma= 0 

M b = M* + Area in shear diagram 
M b = 0 + Yi [70 + 50X2) = 120 kN m 
Mc = M 0 + Area in shear diagram 
M c = 120 - Va (1X10) = 115 kN m 
M n = M c + Area in shear diagiam 
M d = 115 — Vi {10+ 130X4) 

M d = -165 kN-m 

M e = M c . + .Ai'ea ín stiear dìagra rn 
M e = -165 + Uï [70 + 40X3) = 0 
Mornent cuives AB, CD and DE are 
downward parabolas with ver+ces at 
A' r fî' and C f lespect’vely. A' r B r 
and C r ase correspondtng zeo stieaî' 
poifits of segments A3, CD and DE. 


Mc = 115 kM m 
Mïud = M c + Area in shear 
0= 115 — Vi {10 + y)x 
(10 + y)k = 230 
[10 + 30h + 10)m = 230 
30m £ + 2ífcí - 230 = 0 
3x 2 + 2x - 23 = 0 
x = 2.46 m 

ze/o momant is at 2.46 m from C 


Anotiier way to srfve îhe 
locaiion of zero morrent 
is fry tne squared 
propeity of parabola (see 
Problem 434). This point 
is the app:opriate lccafe-n 
fbr construction joint of 
concrete structures. 
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Problem 432 

Beam loaded as shovvn in Fig. P-432. 



Solution 432 


6&kN 


40 kN/m 


M = 120 kN m 


* 

1 

B j 

i C 


£ 

* 

L m 

3 m 

L m ' 

L m | 


Rt = 132 kN 


Ri =43SíN 



ZM £ = 0 

5Ri + 120 = tì(60) + 40(3) (3, 5) 
I?! = 132 kN’ 


zm b = o 

5R 2 + 60(1) = 40(3) (1.5) + 120 
R 2 = 48 kN 


To drav/ tfie Shear Diagran 

(1) \Zt = -60lîN 

(2) V B = V* + Anea iîi oad diagram 
V E = -60 + 0 = -60 kN 

= V B + Rl = -60 + 132 = 72 fcN 

(3) '/c = Vbj + A-ea in laad diagram 
V c = 72 - 3(40] = -48 kN 

(4) V D = V c + A'ea ïn load diagsam 
V D = -48 + 0 = -48 kN 

(5) V E = V D + Area ir load dagrarn 
V E =^S + 0=^lBkN 

V EÎ = V E + R 3 = -48 + 48 = 0 

(6) Oolvsng for x: 

x / 72 = (3 - x) / 48 
48x = 216 - 72x 
x = 1.8 m 

To dravu the Moment Díagram 

(1) M* = O 

(2) M E = M* + A^aa n shear diagram 
M d =0 - 60(1) = -60 kN m 

(3) Mi = Mu + Aiea in shear diagram 

M* = -60 + (1.8X72) = 4,0 kN (ïi 

(4) M e = Mj( + Ariea in shear diag-ram 

Mc = 4,0 - 'A (3 - 1,0){48) = -24 kN m 

(5) M d = Mc + Area in shear diagrarri 

M d = -24 - Vi (24 + 72)( 1) = -72 kN m 
M dï = -72 + 120 = 48 kN m 

(6) M e = M nl + A ea in shear diagram 
M e = 43 - 43(1) = 0 

(7) The locatiaîi of zeno mament on 
segTnert BC oan oe debeim'ned using 
the squared propeity of paraboa, See 
the solution of Probíem 434. 
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Problem 433 

Overhang beam loaded by a force and a couple as shown in Fig. P-433. 


Figure P-433 
3GOO Sb-ft 


750 Ib 







Solution 433 


75G Ib 



Load 

Diagran 


5hear 

Diagran 


Moment 

Diagran 


ZMc = 0 

5Ri + 2(750) = 3000 
Ki = 300 lb 

YMa = 0 

5R 2 + 3000 = 7(750) 
R 2 = 450 lb 


To draw the Shear Diagrani 

(1) Vi = Rl = 300 Ib 

(2) Vb. = V* +■ Aiea in load diagram 

= îGO + 0 = 300 Ifa 

(3) Vc = Vb + Ama in load diagran 
Vc = 3D0 + 0 = 300 t> 

V Q = V c + R 2 = 300 + 450 = 750 Sb 
(5) V D = Vci + Area irr load diagiarîî 
V D = 750 + 0 = 750 
Vdî = V D - 750 = 750 - 750 = 0 


To drauv the Moment Diagram 


(1) 

M* = 

0 

(2) 

M b = 

V* -l- Area in stiear diagram 


M b = 

0 4 300[2) = 600 Ib-ft 


m h = 

= V B - 3000 


M e = 

= 500 - 3000 = -24D0 Ib ft 

(3) 

Mc = 

M h ? + Area in sheardagrafn 


M c = 

-2+00 + 300(3) = -1500 Ib-ft 

H) 

M d = 

M c + Area ín stiear d'agram 


M d = 

-L500 + 750(2) = 0 
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Problem 434 

Beam loaded as shovvn in Fig. P-434. 



Solution 434 


I 60 kN 

20 kN/m f 



zm £ = o 

6Ri + 120 = 20 (4) (6) + 60(4) 

Ri = 100 kN 

IMb = 0 

6R S = 20(4) (0) + 60(2) + 120 
R 2 = 40 kN 

To draw the Shear Diagrarn 

{1} V A = 0 

(2) V H = V* + ûrea in load diag am 
V B = 0 - 20(2) = kN ' 

V BÎ = V E . + Ri = + 100 = 60 kN 

(3) V c = V H + Area in load d-agram 
V c = 60 - 20{2) = 20 kN 

Vcï = Vc-60 = 2lO-60 = -40 kN 

(4) V D = V n + Anea in toad diagram 
V 0 = -^0 + 0 = -40 kN 

(5) Ve = Vd + Anea ìn k>ad diagiam 
V £ = -40 + 0 = -^O 

V B = V E + R 2 = -^0 + 40 = 0 

To draw tlie Moment Diagram 

(1) M* = 0 

(2) M h = M* + Aiea in sîiear diagram 
M„ = 0 - 16 (40X2) = -40 kN m 

(3) M: = Mb - .Aiea in shea - diagram 

MÏ = -40 + v 2 {60 + 20)[2) = 40 kN m 

(4) Mc = Mc + A-ea in shear diagram 
Mq = 40 - 40(2) = -40 kN rr 

Mk = M D + M = -^40 + 120 = Sfl kN-m 

(5) M e = M D j - Area in shear diagraíïi 
M E = S0 - 4Q{2) = O 

(6) Mon’ent curve BC is a dovvnvvard parabola 
vwt!i verteï at C r . C' is the : ocatïon of aero 
shear for segment BC. 

(7) Location of zeio Tïioment at segrrent BC: 

By sqjared property of parabola: 

(3 - x)* f 50 = 3 2 / [5D + 40) 

3 - x = 2.236 
x = 0.764 m frorr. B 
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Problem 435 

Beam loaded and supported as shown in Fig. P-435. 



Solution 435 



IMb- 0 

2uv;5) = 10(41(0) + 20(2) - 40(3) 

V) a = 16 kN / m 

^^fiauílpoLnJt aí EF — 0 

5Ri = 10(4)(5) - 20(3) + 40(2) 

Ri = 68 

To draw Uie Shear Diagram 

(1) M. = 3 

(2) M, = M* + Area in loôd diagíam 
Mn = C - 10(2) = -20 kN 

Mbi + Mb + Ri =-20 + 68 = 48 kN 

(3) M c = Nti + Aiïa in load d 7 agram 
Mc = 48 - 10(2) = 28 kN 

Mk = Mc- 20 =28 - 20 = S StN 

(4) Mo = Mcî + Anea in oad diagram 
M d = 3 + 0 = 3 kW 

M dî = M„-40 = 8-40 = -32 kN 

(5) Me = Mdi + A:iaa in load diagram 
M e = —32 + 0 = —32 kN 

(6) M F = M e + Anea in load diagram 
M f = -32 + w 0 (2) 

M f = -32 + 16(2) = 0 

To draw the Moment Diagrarn 

(1) M* = 0 

(2) M a = M* + A ea 'n shear diag am 
M, = 0 - VSl (20)(2) = -20 klN m 

(3) M c = Nt + A ea 7 n shear ttayam 
Mc = -20 + Vi (4S + 28X2) 

Mc = 56 kN-m 

(4) Md = Mc + Area iîi sdeai' diagram 
M d = 56 + 3(1} = 64 kN m 

(5) M e = M d +■ Ansa in shear dia&ram 
M e = 64 — 32(1) = 32 kN-rr> 

{6} M f = M e + Area in shear diagrann 
M f = 32 - Vi (32X2) = 0 
{7} The locat'on and n’agnitude of moment 
□t C r a*ie detsrmined from sfear 
diagramr By squared pnopei^v of 
paíabda, m = 0.44 m fnom B. 
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Problem 436 

A distributed load is supported by two distributedreactions as shown in Fig. P-436. 


440 Ib/ft 


4ft 









v 2 ft 

1 ■ J 



pCÏLl 


8 ft 

r 

35y 



Ri = Ib/ft R 2 = w 2 Ib/ft 

Fìgure P-436 


Solution 436 


440 Ib/ft 


4 ft 


AC 




2 ft 


8 ft 


Ri = 400 Ib/ft 


3D 


Rj = 960 Ib/ft 



X-VifudpoLnt af CD — 0 

4ÎÍ!! (11) = 440(8) (5) 
M?! = 400 lb/ft 


f r.u dp C' LXi t af AB 0 

2w 2 (11) = 440(8) (6) 
Wî = 960 lb/ft 


To draw the Shear Diagram 

(1) V* = 0 

(2) V B = V* Area in load dsagram 
V B = 0 + 400(4) = 1600 Ib 

(3) V c = Vb + Area ir load diagrarr 
V c = 1630 - 440[S) = -1920 Ib 

(4) Vd = Vc + Anea in bad diagram 
V D = -1920 + 960(2) = 0 

(5) Locaton of ze o sbear: 

x / 1600 = [S — x) / 1920 
x =40/11 ft= 3.636 ftfrom B 

To draw the Moment Diagram 

(1) Î4* = 0 

(2) Mb = Mi + Aiea in shear diagram 
M e = 0 + Vi [1600)[4) = 3200 Ib-ft 

(3) Mj, = Mb - Aiea in sbear diagram 
M ): = 3200 + Vi (1600X40/11) 

M* = 6109,1 Ibft 

(4) M c = M ( + Aiea in sbear d<agraîïi 
M c = 6109.1 - V2 (8 - 40/1 1){ 1920) 
M c = 1920 ib-ft 

(5) M n = M c + Ajea in shear diagram 
M n = 1920 - Vi [1920)[2) = 0 
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Problem 437 

Cantilever beam loaded as shovvn in Fig. P-437 


1000 Ib 4C0 Ib/ft 






C_î_ 



§1 

L_ > 



2 ft T 2 ft " 

4 ft 


500 lb 

Fìgnne P-437 


Solution 437 


1M0 b 400 Ib/ft 



To draw the Sliear Dìagran 

{1> V* = -1000 Ib 

Vb = V* + Ânea in 5oad diasram 
V E = -1000 + 0 = -1000 Ib 
Vbj = V B + 500 = -1000 + 500 
Vbi = -500 Ib 

(2) Vc = V B i + Anea in load diagcam 
V c = -500 + 0 = -500 lb 

(3) V D = V c + Area in load diagram 
Vd = -500 - 400(4) = -2100 lb 

To draw the Moment Diagrani 

(1) M* = 0 

(2) Mb = M* + Area in shear diagíam 
M a = 0 - 1000(2) = -200; Ib ft 

(3) Mc = + A’iea in shear diag’arr 1 

Mc = -2000 - 500(2) = -3000 Ibft 

(4) M d = M c + Area in shear diagram 
M d = -3000 - 16 (500 + 2100H4) 
Md =-8200 Ib-ft 
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Problem 438 

The beam loaded as shovvn in Fig. P-438 consists of two segments joined by a 
frictionless hinge at which the bending moment is zero. 



Solution 438 



200' Ib/ft 


B t 


H 

2 ft 

4i 


Ri 



YMh = o 




4Ri = 2DO(6)(3) 
Ri = 900 \b 


To draw the Sliear Diagram 

(1) v* = o 

(2) V B = V* + Area in load diagram 
V B = 0 - 200(2) = -400 b 

V BÎ = V B + Ri = -400 4 900 = 500 lb 

(3) Vh = Vej -I- Anea in íoad diasram 
V H = 500-200(4) = -300 Ib 

(4) V c = V„ -s- Aiea ir load d : agra?in 
V c = -300 - 220(2) = -702 Ib 

(5} Locationofifirosíiear: 

x/ 500 = (4- x) /300 
30tbí = 2000 - 500« 
x = 2.5 ft 

To draw the Mornent Diagram 

(1) M* = 0 

(2) M B = + Area in sïieas 1 díagram 

M B = 0 - Vi (400H2) = -=400 Ib-ft 

(3) M, = M B + feiaa 'n load diagram 
M, = -=00 + Vi (520X2.5) 

M, = 225 Ib-ft 

(4) M H = M, + Area in load d'agrarn 

M„ = 225 - Vi (300)(4 - 2.5) = 0 ok! 

(5) M- = M h + Area iíi íoad diasrarn 
M: = 0 - Vi (300 + 7K}){2) 

M- = -1020 Ib-ft 

(6) Ttie locaïion of zero rnoment in segn’ent 
BH can easiy be fbund by symmetry. 
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Problem 439 

A beam supported on three reactions as shown in Fig. P-439 consists of two segments 
joined by frictionless hinge at which the bending moment is zero. 


4000 Ib 400 ib/ft 



f Hsnge 

n 


n 

m 

SS 1 

t , 


L i i 

r 4ft ' 

11 4 ft * 

l 4 ftT 


10 ft 

i 


Ri R 2 R3 

Figure P-439 


Solution 439 



400G lb 

Hirge 
H 

Vh 


i B J. 

k 

4ft 1 

^ 4 ft * 


Ri 


TMh= 0 
8 = 4000(4) 
R 1 = 2000 lb 


sm a = 0 

8V h = 4000(4) 
Vx = 2000 lb 


V M = 2000 Ib «0 Ib/ft 


j 

Hinge , 

ffl 

n 

ni 

n 

I 

iQ 

H 


D 


r 4ft 

10 ft 


R 3 R 3 


ZMd = 0 

lOfía = 2000(14) + 400(10) (5) 
R z = 4300 lb 


LAÍh = 0 

14JÏ5 + 4(4300) = 400(10) (9) 
Rj, = 1200 lb 


To draw tbe Sliear Diagram 

(t) V* = 0 

(2) Va = 2002 lb 

V Bi = 2000 - 40D0 = -20 00 Ib 

(3) V* = -2000 lb 

(3) V £ = — 20G0 Ib 

V c = -2000 + 4800 = 2800 Ib 

(4) V & = 2BOO - 400(10) = -1200 Ib 


(5) Locabor of zesD shear: 
h / 2800 = (10 - s) / 1200 
1200 « = 28000 - 2800x 
H = 7Pt 

To dravvthe Mornent Diagram 

(1) M* = 0 

(2) Mb = 2000(4) = 80C0 b ft 


(3) M„ = H000 - 4000(2) =0 

(4) Mc = -400(2) 

Mc = -3000 îb-ft 

(5) M. = -800 + Vi(2800){7) 
M, = 1800 Ibft 

(6) M b = 1BO0 - ^(1200X3) 
M b = 0 

(7) Zero M 4 ft from Rj 
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Problem 440 

A frame ABCD, with rigid corners at B and C, supports the concentrated load as shown 
in Fig. P-440. (Draw shear and moment diagrams for each of the three parts of the 
frame.) 


c 

U2 


B 


L 



U2 


FÊgyre P-440 


Solution 440 

Member AB Mernber BC 




Mernber CD 
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Problem 441 

A beam ABCD is supported by a roller at A and a hinge at D. It is subjected to the loads 
shown in Fig. P-441, which act at the ends of the vertical members 
BE and CF. These vertical members are rigidly attached to the beam at B and C. (Draw 
shear and moment diagrams for the beam ABCD only.) 



Solution 441 
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— 2E kN m 


0 kN 

To draw tlie Shear Dìagram 

(L) Shea- in segnnerta A3 and BC h 
zeio, 

(2) V c = 3 

(3) Vd = Vc -l- Aiea in bad diagram 
V D = 8 + 0 = 8 kN 

Vd: = V D - Rp,. 

V Da =S-S = 0 

To draw the Moment Diagram 

(L) í'loment in segment AB is zeio 

(2) Mi = -28 kN m 

(3) M c = M h -l- Aiea in shear diagram 
Mc = -23 + 0 = -26 kN-m 

M a = M- + L2 = -23 + L2 
M a = -16 kN m 

(4) M d = M a + .Ai ea in shear dsagram 
Md = -L6 + S[2) 


Monient Diagrain 


M n =0 
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Problem 442 

Beam carrying the uniformly varying load shown in Fig. P-442. 



Fignre P-442 


Solution 442 


Mi Lwc 





-1/3 Lw s 


EMe = 0 

LRi= ìLtiLar,) 

Jli = fLw a 

zm b = 0 

LR 2 = $L{±Lw a ) 

Rl - y LïVo 


To draw tlie Sliear Diagram 

(1) V* = R l = 1/6 Lw 0 

(2) Va = Vj, + A.ea in load diagram 
Vb = 1/6 Lwa - 1/2 LìVd 

V B = -1/3 Lw 0 

(3) Location of zero sîiear C: 

By squared propeity of pa;afc-oia: 

x 2 / (1/6 Lw 0 ) = \} j íl/6 Lvva + 1/3 Lw 0 ) 
6x ! = 2L^_ 

>:= L/n5 

(4) Tfcie shea-' in AB is a çarabola wiîh veitex at A, 
tJie starting point of ■jniformiv vaiying Èoad, 
Tfcie îoad in AB is 0 at A to dowmward w a or - 
w 0 at 3, tfcus the slope of sfcear diagiam is 
decreasing 1 . For decieasng slope, the 
paraoola ii5<K!en dmvnward. 

To draw the Moment Diagrarn 

{1} M* = 0 

(2} M: = M* + Area in snear diagram 
M- = 0 + 2/3 (L/V l 3)(l/6 Lw„) 

M ; = 0.06415LH = M bjï 
(3] M b = Mc + Area in sfiea-' d : agram* 

M 0 = H: - Ai -+ see fìg jre for sdving Ai 
For A^: 

A l = 1/3 Líl/6 Lw 0 +■ 1/3 LwJ 
- 1/3 (l/^Xl/6 Lwo) 

- 1/6 Lw„ (L - L/V3) 

Al = 0. 16667 L’vst - 0.03208Lw o 
-0.07OML 2 w o 
Ai = 0.06415L 2 w o 

M a = 0.06415^^0 - 0,06415 LSv„ = 0 
(41 The shear diagram is second degiee cjíve r 
tìius íhe rïìoment diagram ic e tnjd degree 
cuive. The maramum rnoment (fiigliest fxsntl 
oocurred at C, Ihe locaiion df zeio shsar. The 
value of sheais- in AC is îîositive then the 
moment in AC is increasing; at CB the shear is 
negative, then ïhe momenï in CB is 
decreasing»., 
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Problem 443 

Beam carrying the triangular loads shown in Fig. P-443. 



Solution 443 



By symmetry: 

Ri = Ri= jr(iLw a ) 
Rj = R 2 = ±Lw o 


To draw the Shear Diagrain 

(1) V A =R t = V4Lw D 

(Z) V B = T Aiea ir oad diagiarm 
V E = V* Lw 0 -Vi{L72Kw fl ) =0 

{3) V c = V B t Area in ^oad díagram 
V c = 0-^[U2)[wJ =-V4 Lw a 

(4) Load in AB is linear, thus r V Ae is second degiee or 
parabtíïc cuwe. The load is from 0 at A to w fl {w fl is 
downwaid or -w fl ) at B, Ihus ïhe slope of V* B is 
deceasing. 

{5) Vbc is also pa abo:ic since the load in SC is linear. 
The magnitude of Soad in BC is from -w D lo 0 or 
increasing r ïhu&the slope ofV B c is mcreasing. 

To draw tìie M&ment Diagram 

(1) M* = 0 

(2) M e = T Aea in shear diagram 

M e = 0 + 2/3 (L/2){l/4 Lw n ) = 1/12 Lw D 

{3) Mc = M B T Aiea in shear diagram 

Mc = 1/12 Lw fl - 2/3 (L/2)(l/4 Lw fl ) = 0 

(4) M* c is thiid degree oecause the shea^- diag^err in AC 
ís second degiee. 

{5) The shear fiom A to C is decieaa'ng,, thus ïhe slooe 
of momeni diagram fiom A to C is decreas : ng. 
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Problem 444 

Beam loaded as shovvn in Fig. P-444. 



Solution 444 


Total load 

= 2[f(L/2)M 
= 

By symmetry 

Ri = Rî = y x total load 
~ I^z = ~~£ Lw a 




To draw tìie Sliear Diagram 

(1) = R L = Lw d 

{2) V & = V A +■ Anea ir *i>ad diasiarm 
V E . = V4 Lw g - Vi {L/2]{w fl ) = 0 

{3} Vc = V H T Aiea i=n =oad diagram 
V c = ^ - Vz [L' l 2)[wj = -Va Lw a 

(4) The shear diagsam in AB is second deg^ee 
cuive. Ttie stiear in A3 is from — 
(dowriward w fl ) ìo zeio or iíicreasing r thus, 
the áope of shear at A3 is increasimg {upward 
pa^atxia). 

[5) The shear diagíarrs in BC is second degiee 
cuive. The shear in BC is frofri z&o to -w 0 
[downwand wj or decreasing r tjh‘js r the slope 
of shear aí BC is decreasing (downvvard 
pa-'ato ; a) 

To cfraw the Monient Diagram 

(1) M* = 0 

(2) M 0 = Ma T A;ea : n shear diag.-am 

M b = 0 + 1/3 (L/2){V4 Lw n ) = 1/24 L 2 % 

(3) M c = Mp T Asea in shear diagram 

Mc = 1/24 L 2 w, - 1/3 [U2)[V* LvVoj = 0 

(4) The sliear diagram hom A ïo C is deceashg, 
thus, tne moment diagram is a concave 
downward thiid deçiee cuive. 
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Problem 445 


Beam carrying the loads shown in Fig. P-445. 



Solution 445 


ZJVÍk=0 



5Ri = 80(3) + 90(2) 
Ri = 84 kN 

= o 

= 80(2) + 90(3) 

R 2 = S6 kN 


Cliecking 

+ JJ. 2 = Fl + Fn OÍCi' 

To draw tlie Sliear Diagrani 

(1) V*= Rj =84kM 

(2) V B = V» + Area in load d'agrarn 
V B = 84-20(1) =64 SïN 

(3) Vr = + .Aiea in load d : agram 

V c = 64 - Vi (20 + 80)(3) = -86 kN 

(4) V D = V c + A ea in load diagram 
V D = -86 + 0 = -86 kN 

V D3 = V D + Ri = -86 + 86 = 0 

(5) Lacation of zero shear: 

From tfie load diagiam: 
y/(x+i)=80/4 
y = 20(x + 1) 

V E = V B + Area in load diagraiïi 
0 = 64 - 'h (20 + y)x 
(20 + y)x = 128 
[20 + 20(x + l]]x = 128 
20x= + 40x - 128 = 0 
5H 3 - 10x-32 =0 
x = 1.72 and -3.72 
use x = 1.72 m frann B 
(5) fly squared psope'ty of parabola: 
z / ( 1 + x) 3 = (z + 86) / 4 J 
16z = 7.39S4Z + 636.2624 
3.6016Z = 254.4224 
z = 73.97 kN 

To draw the Moment Diagram 

(1) M* = 0 

(2) M b = M* + A ea in shear diagram 
Mb = 0 + 1/2 (84 + 64)(1) = 74 kN m 

(3) M E = Nb + Aiea in shear diagiam 

M E = 74 + A] -+ see fìgure fbr A t and A 3 
For A e : 

Ai = 2/3 [1 + 1.72)(73.97)- 64(1) 

- 2/3 (1X9.97) 

Aj = 63.5 

M e = 74 + 63.5 = 137.5 kN m 

(4) Mc = M E + A'ea în shear diagram 
Mc = M[ - Aj 

For Aji 

Aj = 1/3 (4)(73.97 + 86) 

-1/3(1 + 1,72)(73.97) 

- 1.28(73.97) 

A; = 51.5 

Mc= 137.5-51.5 = 36 kN m 

(5) M D = Mc + Area in shear diagsam 


Md =86-86(1)= 0 
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Problem 446 

Beam loaded and supported as shown in Fig. P-446. 



Solution 446 



Moiiì^nt Diagran 


D=v = û 

4w a + 2[±w a (l)] = 20(4) + 2(50) 

5wj = 130 
= 36 kN/m 

To draw the Shear Dìagram 

(1) = 0 

(2) V B = V* + Area i n load dÊagrann 
V B = D + Vz (36X1) = 18 kH 
V K = V h -5Q = 13-50 

V E = -32 

(3) The net unifioinily distrbuted load 
segment BC is 36 - 20 = 16 kM/m 
uîîvvasd. 

V c = V B3 + Aiea in load diagram 
V c = -32 + 16(4) = 32 kN 
V CÎ = Vl- 50 = 32- 50 
V Q = -18 kN 

(4) V D = V:e + A'ea : n load diagram 
V D = -Í8 + % (36H1) = 0 

(5) The shape of shear at AB and CD are 
parabolic spandrel with veitex at A ard D f 
ïes^ctively, 

(6) ïhe location of zero shear is ODviousíy at 
íhe midspan or 2 m hom B. 

To draw the Moment Diagram 

(1) M* = 0 

(2) M & = M a + Aiea in shear diagram 
M& = 0 + 1/3{1H18) 

Ma = 6 kN m 

(3) MmMspm = M h + Aiea ir shear dïagram 
MmuipM = 6 — ^ (32) (2) 

MmHspan = — ^ líN íïl 

(4) Hc = M mUs[un + Aiea in shear diagram 

Mc = -26 + V 2 (32X2) 

Mc = 6 kN m 

(5) M D = I4 C + Ai ea in shear diagram 
M d = 6 - 1/3 (1X18) = 0 

(6) The íïioment diagram at A3 and CD are 
3^ degiee cur^e whïle at BC is 2^ deçiee 
curve. 
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Finding the Load & Moment Diagrams with Given Shear 
Diagram 


INSTRUCTION 

In the follovving problems, draw monnent and load diagrams corresponding to the given 
shear diagrams. Specify values at all change of load positions and at all points of zero 
shear. 


Problem 447 

Shear diagram as shown in Fig. P-447. 


lb) 



^ 2 ^ 
L00C 

+ £. * 
2400 

400 

1 




Figure P-447 




^4000 


Solution 447 


2000 lb 4400 Ib 1000 Ib 



To draw tfie Load Dìagram 

(L) A 2400 lb upwa:d foice is actng at 
poiíiï A. No íoad irr 5egme?it A3. 

(2) A point force of 24D0 - 400 = 2000 
^b is acting doavnvvaid at point B. 
No load ïn segment BC. 

(3) Aroíher dovvnward foroe of 
magnitude 4íX) -I- 4000 = 4400 Ib 
at p&nt C. No load in segmert CD. 

(4) Jpwaid pointfoice of 4000 + L000 
= 5000 Ib is actfng aï D. No load 
in segment DE. 

(5) A downward foroe of L00Q Ib ts 
concenïrated at pdnt E. 

To draw tlie Mornent Diagrain 

(L) M* = 0 

(2) M B = M* + Aiea m shear diagram 
M b = 0 + 2400(2) = 4SQ0 lb ft 

is iinear and upwand 

(3) M c = Mh + Aiea ifi shear diagram 
M c = 4SQ0 + 400 [3] = 6000 Ibft 

is lirear and upwai d 

(4) M d = M, : + Area in shear diagram 
Mb = 6000 - +C00[2) = -2000 Ibft 
Mcn is l?rear and downward 

(5) M e = M c . + Area ir sheas- d'ag^am 
M e = -2000 + 1000(2) = 0 

Mde is linear and upwad 


http://librosysolucionarios.net 



Problem 448 

Shear diagram as shovvn in Fig. P-448. 



Solutîon 448 



Moment Diagrain 


To draw the Load OEagrarn 

{1) A jTiiformlv distilbuted load in AB is act'ng 
cky»vnwaid at a magnilude cf 40/2 = Z0 
kN/rn B 

{2] Upivard c&ncertrated force of 40 + 36 = 
76 kN acts at E. No load : n segmenï BC. 

{3) A downwaid point fbrce acís at C at a 
magnitude of 36 - 16 = 20 kN. 

{4) Dovffiward uriformly dist 'buted foad in CD 
has a magnitjde o?{16 + 24)/4 = 10 kN/m 
Sí causes zero shear at point F, 1.6 m from 
C 

{5) Anotner u p'ivaid ooncenirated fbice acts at 
D at a rragnitude of 20 +■ 24 = 44 kN. 

{6) The load in segment DE ìs uniform and 
dc'ivn'Hvaid at 20/2 = 10 kM/m. 

To draw the Moment Diagrani 

(1) n a =o 

(2) Mo = Ma 4 Area ir shear tfiagram 
M a = 0 - V'2 (40)[Z) = -40 kN-m 

M ab ís dcx.-MTì wa nd parabola with veitex at A. 
{3) M- = 4 Area ir shear d'agiam 

Mc = -40 4 36(1] = -4 fcN-m 
Mbc is linear and upward 

(4) M F = M c 4 Aiea in shear diagiam 
M F = — í- + Ml (16X1-6) = 8 r 3 lcN m 

(5) M d = M f 4 Area ïn shear diag>am 
M d = 3.3 - W (24X2-4) = -20 kN-m 

M:d is downward paíatxia wtti ve4e>: at F. 

(6) M e = M d 4 A s ea in shear diagram 
M e = -ZD + Vi (20X2) = 0 

M m is dommard paraboía vviih vertes at E. 
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Problem 449 

Shear diagram as shovvn in Fig. P-449. 



Solution 449 



Moinent Diagrarn 


To draw tlve Load Dìagram 

(L) Dmnmvaid 400G ìb foite is conoenbatBd at 
A and no load in segnnent AB. 

(2) The shear irr BC is unifoimly încieasing,, 
thus a unifomi uuvvand fonoe is acîiîig at a 
rragnitude of [3700 + 4000J/2 = 3350 
Ib/ft, fêo load in segment CD„ 

(3) .Ariothen î>oint force actng downwafd with 
3700 - 1700 = L2:0 b aï D and no load in 
segment DE. 

(4) The shea? in EF is unifonrrvy decieasing., 
thus a urffomi downward fbnce is act'ng 
wftti magnrhjde of {1700 + 3100)/S = 600 
Ib/ft 

(5) Upward fonce of 3100 Ib ts concentraied at 
end of span F. 

To draw tlie Montent Diagram 

(L) The -ocators of zeio shear [points G and 
H) can be easily deieni'ned by ratio and 
pnopoilion oF triangle. 

(2) M* = 0 

(3) M a = M* + Area in shear diagram 
M B = 0 - 400 0{3) = -12,000 Ib-ft 

(4) Ma = M H + A j ea *n shear diagrarn 
Ma = -12 r 00G - V 2 {80/77X4000) 

Mg = -14,077,92 Ib-ft 

(5) Mc = M G + A;ea in shear diagrarn 

M- = -14,-077.92 + V 2 [74/77)[3700) 

M[ = — 12 r 300 Sb-ft 

(6) Md = Mc + Aiea in shear diagram 

M d = -12,300 + 3700[3) = -1200 b ft 

(7) M E = M D + Area sn shear diag^am 
M e = -1200 + 1700(4) = 5600 Ib-ft 

(8) M h = M e + Area 'n shear diag-an 1 
M h = 5600 + Vz (17/6X1700) 

M h = 0,003.33 Ib-ft 

(9) M F = Mh + Area in shea - d'agrarn 

M F = 8,003.33 - 1-2 (31/6)(31O0) = 0 
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Problem 450 

Shear diagram as shovvn in Fig. P-450. 





Solution 450 




To drawtlie Load Diagrsm 

(1) The síieaa- d^agram in AB ís unifoîTTily upwad r 
thus tne load is UTiTormfy d'siributed upward st 
a rmagnitude of 900/4 = 2Z5 Ib/ft. No load ir 
segment BC. 

(2) A dowrward po : nt fbrce acïs aï point C vvith 
maçnitude of 900 Ib. No bad m seçment CD. 

(3) Another coricentrated foroe is acting downwaid 
at D w!th a rmagn'tude of 90C Ib» 

(4) The load in DE is ufiíformly dist-ibjìed 
dowmward at a magnituds of (13&£> - 9ÍH})/4 = 
120 Ib/ft. 

(5) An upwa:d load is concentrated at E wftíi 
magritude of 430 + L3E0 = L360 Ib. 

(6) 430/4 = 120 Ib/ft is distributed uniformly ove - 
the span EF. 

To drawtlie Moruent Dlagraiii 

(1) Ma = 0 

(2) Mfe = M* + Area in shear diagram 

rt = 0 + [4X900} = L300 lb-ft 

(3) = M h + Area im shear diagram 
H: = L3C0 + 900(2} = 3600 Ib-ft 

(4} Mcí = f-V + Aea in shear diagram 
Mb = 3600 + 0 = 3600 ib-ft 

(5) = M c . + Area ri shear diagiam 
Pt = 3600 - V 2 (900 + 1380X4) 

Me = -960 Ib-ft 

(6) NV = + Area in shea;- d'agjam 

Mf = -960 + y* (430X4) = 0 

(7) The shape of moment diagram in AB is upwaid 
parabola wfth veites< at A, wfiile inear in BC a-nd 
horizontal in CD. Foi segment DE, the dagram 
is downward paraboa with vertEX ai G. G is ihe 
poinî where the extended shear in DE intersects 
the line of zero shear. 

(3) The moment diagram in EF is a downwa-d 
parabola with veiteM at F. 
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Problem 451 

Shear diagram as shown in Fig. P-451. 



x[m) 


Solution 451 


3kN/m 



Ii 


6kN 


i 

, B 

10 kN 

C 

D J 

<J y J lA.-VJ kj W J.J ■ 

ii j 


4kN/m 

3 m 

rri 


2 m 


Load Oiagrairi 


10 scN 



1-8 kNl 


! i 1 ! 

Given Stiear Dìagram 



Moment Diagram 


To drawthe Load Diagrarn 

{1) Upivard coroentfatBd load at A is 10 kN. 

{2] The shear in AB is □ 2 M -degiee cuive, thus 
ttie ^oad in AB is uniforrrly vaiying. In this 
case, it is zeio at A ïo 2{10 + 2)/3 = S kN at 
B. No load in segnnent BC. 

{ 3 ) A downward point fdrce is acting aí C ïn a 
magniíude of S - 2 = 6 kiN. 

{4) The shear in DE unifoiTinly increasing, thus 
the haó in DE is unifemly distilbuted and 
upward. This load is spread over DE at a 
magniîude oF 3/2 = 4 klH/nm. 

To draw the Momeit Diagrani 

{!) To find the locatìon of ze»o shear, F: 

^/10 = 37(10 + 2) 
k = 2.74 m 

{2) M a = 0 

{3] M f = Mi, T Aiea in shear diagram 
M f = 0 + 2/3 {2.74){10) = 13 r 26 kN m 

{4) M b = M f T Aiea in shear diagram 
M u = 13.26 - [1/3 (10 + 2X3) 

- 1/3 (2.74X10) - 10(3 - 2.74)] 

M h = 13 kN m 

(5) M c = M b + Area m shear d'agsam 
M c = 13-2(1)= 16 kN-m 

(6) M u = M c + Area ir shear diagraîïi 
M d = 16 - &(1> = 8 kN m 

(7) M e = M d + Aea in shear diagram 
M e = 3 - V2 (2)(S) = 0 

{fl) The moment d'agran’ in AB i s a secord 
degree cuive,, at BC and CD are linear and 
downward. For segmeîit DE r úie moment 
diagram is parabola open upwaid '.vith vertex 
a: E. 
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Moving Loads 

From the previous section, we see that the maximum moment occurs at a point of zero 
shears. For beams loaded with concentrated loads, the point of zero shears usually 
occurs under a concentrated load and so the maximum moment. 

Beams and girders such as in a bridge or an overhead crane are subject to moving 
concentrated loads, which are at fixed distance with each other. The problem here is to 
determine the moment under each load when each load is in a position to cause a 
maximum moment. The largest value of these moments governs the design of the 
beam. 


SINGLE MOVING LOAD 


For a single moving load, the maximum moment occurs when the load is at the midspan 
and the maximum shear occurs when the load is very near the support (usually 
assumed to lie over the support). 


1 

"osit'on for 

P 1 

^osition fbr 

1 

rrHMmunn 


rraMímum 

f 

stieai 

t 

momenî 






PL 


And = P 


TWO MOVING LOADS 


For two moving loads, the maximum shear occurs at the reaction when the larger load 
is over that support. The maximum moment is given by 



where P s is the smaller load, P b is the bigger load, and P is the total load (P = P s + P b ). 
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THREE OR MORE MOVING LOADS 


In general, the bending moment under a particular load is a maximum when the center 
of the beam is midway between that load and the resultant of all the loads then on the 
span. With this rule, we compute the maximum moment under each load, and use the 
biggest of the moments for the design. Usually, the biggest of these moments occurs 
under the biggest load. 

The maximum shear occurs at the reaction where the resultant load is nearest. Usually, 
it happens if the biggest load is over that support and as many a possible of the 
remaining loads are still on the span. 

The maximum shear occurs at the reaction where the resultant load is nearest. Usually, 
it happens if the biggest load is over that support and as many a possible of the 
remaining loads are still on the span. In determining the largest moment and shear, it is 
sometimes necessary to check the condition when the bigger loads are on the span and 
the rest of the smaller loads are outside. 

Solved Problems in Moving Loads 


Problem 453 

A truck with axle loads of 40 kN and 60 kN on a wheel base of 5 m rolls across a 10-m 
span. Compute the maximum bending moment and the maximum shearing force. 

Solution 453 

R = 40 + 60 = 100 JcN 

xR = 40(5) 
r = 200/ R 
x= 200/100 

.ï = 2 m 


R 
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R = líffi kN 


40 kN 


Í l60kN 
* 3 m T 2 rn '1 

I } * m 


For maxlmum moment under 40 kN wlieel: 

í%2= 0 
10Ri = 3.5(100) 

Ri = 35 kN 


L 



ï 

Ril 

3.5 m 

Ì.5 ríï 

]_|J jj| 

3.5 m 






Ri 


M To left nt 40 w - 3.5Ri 
M Td t he leíl oi « = 3.5(35) 

‘^Td th* Left oi 4C kN 1^2.3 kl\ ■ HT 


For maximvtm moment under 60 kN wheel: 
EMsr = 0 
10R 2 = 4{100) 

R s = 40 kN 

*V’Í T d ttifrr.gtiTcf "IRl 

M Tc ther. S hTcf«kN r 4(40) 

*^4td theirghTcf fiOkN" 160 kT\ ’Ql 


Htus, = 160 kN-m 

The mAximum shear will occur 
wheiT the 60 kN is over a support, 

TMri = o 

10R 2 = 100(8) 

R 2 = 80 kN 


Thus, = 80 kN 

Problem 454 

Repeat Prob. 453 using axle loads of 30 kN and 50 kN on a wheel base of 4 m crossing 
an 8-m span. 

Solution 454 

R = 30 + 50 = 30 kN 

tR = 4(30) 

.r = 120/ R 
x = 120/30 
x = 1.5 m 


R 



R = 1C0 ScN 
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R = 5íi líN 



Maximum moment nndei- 30 kN wheel: 
ZMr. = 0 
&Ri = 2.75(80) 

Ri = 27.5 kN 


* ^Tc tbue Leít nf 3ÍJ lcN — ■ J 1 

Aíj-, th* i*f t D t m tN = 2 . 75{27 . 5 ) 
M T€ ,thekftQfsi]cN- = 75.625 kN-m 


R = flO kN 



■í — 0 n _ — > 


Maximum moment undei 50 kN wlieel: 
TMri = 0 
S R 2 = 3.25(80) 

R 2 = 32.5 kN 

MioHiEri^itof 50 tN = 3.25R: 

M Td th*rish^cf 50 feN = 3.25(32.5) 

M Td ther.ghTcf 50 kN r = 105.625 kN 111 

Tl'ULs.r = 105.625 kN-m 


R = 80kN 


30 i<n r 2 - 5r> ; i * 5 ^ 

è i_® 

,j 


Rj 


6.5 m — 
— fl m 




Tl’ie max imum sliear will occtir 
wlteit the 50 kN îs over a support. 
IMpa = 0 
SJÎ: = 6.5(80) 

Jî 2 = 65 kN 

Thtis, = 65 kN 


Problem 455 

A tractor vveighing 3000 Ib, with a wheel base of 9 ft, carries 1800 Ib of its load on the 
rear wheels. Compute the maximum moment and maximum shear when crossing a 14 
ft-span. 

Solution 455 


R = W r + W( 

3000 = 1800 + W ; 
W;= 1200 lb 

Rjc = 9W f 
3OO0J = 9(1200) 

.r = 3.6 ft 
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9 - x = 5.4 ft 


W r = 1800 t R “ 3 , C ' :0 b W r = 1200 b 


3.6 ft 


5.4 ft 


Ril 


W 

5.2 ft Ï.S tì! 


S.2 ft 


Ra 


14 ft 


Wh.et\ the midspan is midway 
between W r And R r tlie front wlieel 
W{ will be outside tlie span (see 
fîgure). In this case,, only ìear 
wheel W r = 1300 lb is the load. The 
mflximum moment for this condìtion 
is when tlie load ìs at tlie midspan. 

Ri = R 2 = Vi (1300) 

Ri = 900 lb 


W r = 1.000 b 


i 7 ft 


Rl> 


Hft 


Ra 


Maxxmtim. moment under IV, 

AÍto tèie Itfttíf rear nèisel = f R± 

Mt d th* Left dÍ icsi v- hjeeL = / (900) 
M To tbue left of ir«r wli»L = ^300 lb-ft 


= isoo ib R = 3000 lb v 

5.4' — A 

1 T * 1 

l ! 

V, = 1200 Ib 
1 

— 


1* 

4.3 ft 

* 

1 

^4 

5 * 

7P 

1 _ 

1 4.3 ft 

>1 


Maxmuim. moment nndei' IV* 
TMm = 0 
liRz = i3R 
liR 2 = 4.3(3000) 

R 2 = 921.43 lb 


* ^T d the- rijht dì íiczá 4.3Ji s 

ÎV'Ttd th# clírec‘_tw:ieel = 4.3(íf21.43) 

3íTtd th* rij-jit DÍírcî , .tw}ijetl 3962.1 llt’ft 


TllUSy Aí a 

M„ 


ívITa tjue lerrc: rearwaeel 

= 6300 11. ft 


w r = 1800 lb R = 3000 b 
I* 3.6 ^ 5.4' *| W r 


= 12C0 Ib 


Ri 


10.4 ft 
14 ft 


Fb 


The maximuin shear will occur when tlie 
iear wlieel (wheel of greater load) is 
directly over the support, 

ZMh2=0 
14Ri = 10.4R 
14Ri = 10.4(3000) 

Ri = 2228.57 lb 


Thus, = 2228.57 lb 
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Problem 456 

Three vvheel loads roll as a unit across a 44-ft span. The loads are Pi = 4000 Ib and P 2 
8000 Ib separated by 9 ft, and P 3 = 6000 Ib at 18 ft from P 2 . Determine the maximum 
moment and maximum shear in the simply supported span. 


Solution 456 



ï(18) = 9(8) + (9 + 18)(6) 

X = 13 f t -> tlie resultant Iî is 13 ft from Pi 


f 


15.5' 


— k = 13 J — H 





4T *| 


Maximum moment under P x 
SM«2=0 
44Pi = 15.5R 
44Pi = 15.5(18) 

Pi = 6.34091 kips 
Ri = 6,340.91 lbs 

Mtd tIt* lïft aí F1 = 15.5JÏ1 

15.5(6340.91) 
A'ílo ^lcftarí l = 93,284,1 Ib ft 


Ri 



4í' 


Manmttm moment vmctei' P 2 
SMh2=0 
44Ri = 2QR 
44Ri = 20(13) 

Ri = 8.18182 kips 
R i- 8,181.82 lbs 

j 

AÍtd tIts Lsct ar F1 = 20tRi — 9Pl 
Rî M rn thr líft aí F1 = 20(8,18 1 .82) 

>| - 9(4000) 

MrDOEMiQfrz = 127,636.4 lb-ft 
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Mayimtim mcment tmdei' P 3 



«i R 2 

L 44 ' J 


ZRi = 0 

44Ri = 13R 
44R: = 15(18) 

R 2 = ó, 13636 kip5 
R 2 = 6,136.36 llts 

A'Ít □ rhe n^AÌ nÉ F5 = 1 jRl 
Mtd tIt e ri aí F 3 = 1 3 (6, 1 36 . 36) 

M Td ^ rij^t aí f d = 92,045.4 lb-ft 



Hltt5 # Admox Mto the ]prt dì TT 

= 127,636.4 lb ft 


nte maximum sheaï will occur 
when Pi is over the support. 


SMje = 0 


44Pi = 35R 


4 


44Ri = 35(18) 

Ri = 14,3182 ki P s 
Ri = 14,318.2 lbs 

Thus, = 14,318.2 lbs 


Problem 457 

A truck and trailer combination crossing a 12-m span has axle loads of 10, 20, and 30 
kN separated respectively by distances of 3 and 5 m. Compute the maximum moment 
and maximum shear developed in the span. 


Solution 457 



R = 10 + 20 + 30 
R = 60 iN 


xR = 3(20) + 8(30) 
Jt(60) = 3(20) + 8(30) 
A' = 5 m 
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Maximum momeiit tmder 10 kN 



lm e = o 

12«! = 3.5« 

12«! = 3.5(60) 

12«i = 210 

«i = 12.7kN 

tì- lC lefroí 10 iN = 3.5«! 

= 3.5(12.7) 

= 61.25 kNm 

Maximtmi momeiìt uiider 20 kN 



YMbi = 0 
12«i = 5« 
12 «! = 5 ( 60 ) 
«i = 25 kN 
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MTbtìitiEfttìfmitx = 5--R.1 - 3(10) 
= 5(25) - 30 
= 95 kN-m 


VVlieii tlie centerliiie of the beam is midway between 
reaction R = 60 kX and 30 kK T , the 10 kK T come& off 
tlie s-pan. 


x = 3rn 


20 kN 


f 


5 m 

R = 50 kN 


3C kN 






5 íïi 


5 m 


Rl 


i m 
Í2m 



K = 20 + 30 
R = 5E>*N 


xR = 5(30) 

x(50) = 150 

r = 3 m (mm 20 kK T 


TMm = 0 
12R 2 = 5.R 
12R 2 = 5(50) 
R, = 20.33 kK T 


AÍTa tìtE nghï oí 30 lcN 

= 5(20.83) 

= 104.17 kN m 

Tlivis, tlie maxfmum moment will occur when only 
tlie 20 and 30 kN loads aie on the span. 

2íir.a.\ -VItd +# rígl\t dí 30 kN" 

= 104.17 kN m 
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Tlie maximmn sheAi' will occttr wlien tlie tliree loads 
Aie on tlie span and the 30 kK’ load is diiectly over tlie 
snpport. 



ZM m = 0 
12R 2 = 9JI 
12R 2 = 9(60) 

R 2 = 45 kN 

Thus, V™* = 45 kN 
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Stresses in Beams 

Forces and couples acting on the beam cause bending (flexural stresses) and shearing 
stresses on any cross section of the beam and deflection perpendicular to the 
longitudinal axis of the beam. If couples are applied to the ends of the beam and no 
forces act on it, the bending is said to be pure bending. If forces produce the bending, 
the bending is called ordinary bending. 

ASSUMPTIONS 

In using the following formulas for flexural and shearing stresses, it is assumed that a 
plane section of the beam normal to its longitudinal axis prior to loading remains plane 
after the forces and couples have been applied, and that the beam is initially straight 
and of uniform cross section and that the moduli of elasticity in tension and 
compression are equal. 

Flexure Formula 

Stresses caused by the bending moment are known as flexural or bending stresses. 
Consider a beam to be loaded as shown. 



Consider a fiber at a distance y from the neutral axis, because of the beam's curvature, 
as the effect of bending moment, the fiber is stretched by an amount of cd. Since the 
curvature of the beam is very small, bcd and Oba are considered as similar triangles. 
The strain on this fiber is 


cd y 
ab p 

By Hooke's law, e = a / E, then 



which means that the stress is proportional to the distance y from the neutral axis. 

http://librosysolucionarios.net 


For this chapter, tli-e notation fb will be n&ed 
insteaíl of CF, to denote flexural stresses. 



Considering a differential area dA at a distance y from N.A., the force acting over the 
area is 


â¥=fhâA= —EdA = — y d!A 
P P 

The resultant of all the elemental moment about N.A. must be equal to the bending 
moment on the section. 


but 


y 2 ífA = I, 


then 



E ^ 
y—y sA 

P 



fáA 


,, E1 EI 

M. = — or p = — 
p Af 


substituting p = Ey / f b 


then 


Ey Eî 

X = m 


and 


fi = 


My_ 

I 


(fi ) r 


Mc 

I 


The bending stress due to beams curvature is 
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The beam curvature is: 


fi- 

a- 


E I 
— c 

Mc _ p 

~1 T 

Ec 

P 


* = 1/P 

where p is the radius of curvature of the beam in mm (in), M is the bending moment in 
N-mm (Ib-in), f b is the flexural stress in MPa (psi), I is the centroidal moment of inertia 
in mm 4 (in 4 ), and c is the distance from the neutral axis to the outermost fiber in mm 
(in). 

SECTION MODULUS 

In the formula 


ífi) 


DJV 


Mc 

~T 


M 

ÏÂ' 


the ratio I/c is called the section modulus and is usually denoted by S with units of mm 3 
(in 3 ). The maximum bending stress may then be written as 


-j- 

This form is convenient because the values of S are available in handbooks for a wide 
range of standard structural shapes. 


Solved Problems in Flexure Formula 


Problem 503 

A cantilever beam, 50 mm wide by 150 mm high and 6 m long, carries a load that 
varies uniformly from zero at the free end to 1000 N/m at the wall. (a) Compute the 
magnitude and location of the maximum flexural stress. (b) Determine the type and 
magnitude of the stress in a fiber 20 mm from the top of the beam at a section 2 m 
from the free end. 
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Solution 503 



tlms 


M = ^P-.ÌT 2 C }:r ) 
M = Wx 3 


(a) Tlie Qiaximum moment occurs at tlie support (tlie 
wall) oi’ at x = 6 m. 

M = ^* 3 = ^(6 3 ) 

= 6000 N ni 



b = 50 mm -^2 

{fis )nia\ = 32 MPa 


(b) At a sechon 2 ni from the free end or at x = 2 m at 
fiber 20 mm from the top of the beam: 



12 

fh = 0.S691 MPa = 869.1 kPa 
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Problem 504 

A simply supported beam, 2 in wide by 4 in high and 12 ft long is subjected to a 
concentrated load of 2000 Ib at a point 3 ft from one of the supports. Determine the 
maximum fiber stress and the stress in a fiber located 0.5 in from the top of the beam 
at midspan. 


Solution 504 


20M> !b 



-500 Ib 


Shear Disgram 

4500 Ib-ft 



Moment Diagrarn 


YMb2 = 0 
12Ri = 9(2000) 
Jìi = 1500 lb 

IMrl = 0 
1 2Rz = 3(2000) 
R: = 500 lb 


Maximmn fiber shess: 



12 

[ fb )niax = 10;125 pSÌ 


Stress in a fibei located O.o in from the top of tlie 
beam at midspan: 


M w _ 4500 
6 9 

M„ = 3000 lb-ft 
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Problem 505 

A high strength steel band saw, 20 mm wide by 0.80 mm thick, runs over pulleys 600 
mm in diameter. What maximum flexural stress is developed? What minimum diameter 
pulleys can be used without exceeding a flexural stress of 400 MPa? Assume E = 200 
GPa. 


Solution 505 


Flextual stress developed: 



P 

40Q _ 200000 (0,80/2) 
P 

p = 200 inm 
dianieter, d = 400 mm 


Problem 506 

A flat steel bar, 1 inch wide by Vi inch thick and 40 inches long, is bent by couples 
applied at the ends so that the midpoint deflection is 1.0 inch. Compute the stress in 
the bar and the magnitude of the couples. Use E = 29 x 10 6 psi. 


Solution 506 

ÍP “ l} 2 + 20- = p : 
p 1 - 2p + 1 + 400 = p 2 


1" 2p = 401 
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. = Ec_ = (29xlQ 6 )(l/S) 
p 200.5 

ft, = 18 079 .8 psi 

fb = 18.1 ksi 



(29 x 1D 6 ) 


1(1 /4) 3 

12 


200.5 


M = 188.3 lb-in 


Problem 507 

In a laboratory test of a beam loaded by end couples, the fibers at layer AB in Fig. P- 
507 are found to increase 60 x 10' 3 mm whereas those at CD decrease 100 x 10" 3 mm 
in the 200-mm-gage length. Using E = 70 GPa, determine the flexural stress in the top 
and bottom fibers. 


200 miïi 



Figure P-507 


Solution 507 


200 mm 

r 


5tD 


P 



x = 120 -Jt 

60xl0' ? 100 xlO -3 

x = 0.6(120 - x) 
x + Q.6x = 0.6(120) 
1.6x= 72 
x = 45 mm 
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60 x 10" 


jc + 30 x 

60 xlO -3 


û r ;ï> — 


45 


(45 + 30) 


Gfcf. = 0.1 inni lengtheíiiiig 


ò ;;;w .100x10- 


195 -% 


120 -% 


100x10 . 

ûìeftìpi — —(195 — 45) 

120-45 

ùiiíftìn = 0.2 oun shortening 

From Hooke's Law 

jì,= Es 

c- E5 


{fé )kw — 


70000(0.1) 


0t> 


ï>3f !t7T3 ' 


200 

= 35 MPa tension 

70000(0.2) 

200 

= 70 MPa compression 


Problem 508 

Determine the minimum height h of the beam shown in Fig. P-508 if the flexural stress 
is not to exceed 20 MPa. 


FJçureP-SDS 5 kN 




80 mm 
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Solution 508 


SÌVÍB2 = 0 

3Ri = 2(5) +2 (2. 5) (4) 
Ri = 10 kN 



Shear “ 5 



SiVíni = 0 

3Rz = 1(5) + 1(2.5) (4) 
Ri = 5 kN 



VVluere: 


fí = 20 MPa 
M = 5 kX m 

= 5(1000)- Nnim 
c = h 

r _ bh 3 _ SOJí 3 
12 12 
= -f /ï 3 

Tiuis, 

20 _ 5(1000)-(4?;) 

■fír 3 

K 2 = 1S 750 
íi' = 137 mm 


Problem 509 

A section used in aircraft is constructed of tubes connected by thin webs as shown in 
Fig. P-509. Each tube has a cross-sectional area of 0.20 in2. If the average stress in the 
tubes is no to exceed 10 ksi, determine the total uniformly distributed load that can be 
supported in a simple span 12 ft long. Neglect the effect of the webs. 
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Solution 509 


Rl = R2= i(12)H 
= R.2 = 6w 


w Ib/ft 



Moment Diagram 


Ji = 10 ksi = 10,000 psi 
M = lSiiJ lbft 
c = 6 

Centroidal moment of mertia of one tube: 

A — iïr 2 = 0.20 

r = 0.2523 in -> hollow poition of tlte 
tube was neglected 

- _ nr* _ n(0.2523) 4 

Ix T “ 4 

L = 0.0032 iit 1 



Montent of inertia at tite centei of the section: 
âi = 6 siii 30° = 3 in 

h = ì, + M 2 

íi = 0.0032 + 0.2Í3 2 ) 

Ji = 1.8 in* 

L = 1, + Aá z 2 
h = 0.0032 + 0.2(62) 
h = 7.2 iir 


I = 4h+2h = 4(1, S) - 2(7.2) 

J = 21.6 in 4 


fk = 


Mc 

I 


10,000 


lSw(12)(6) 

21.6 


w = 166.7 Ib/ft 


Problem 510 

A 50-mm diameter bar is used as a simply supported beam 3 m long. Determine the 
largest uniformly distributed load that can be applied over the right two-thirds of the 
beam if the flexural stress is limited to 50 MPa. 
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Solution 510 


= 0 

3R : = 2w{2) 



Problem 511 

A simply supported rectangular beam, 2 in wide by 4 in deep, carries a uniformly 
distributed load of 80 Ib/ft over its entire length. What is the maximum length of the 
beam if the flexural stress is limited to 3000 psi? 


Solution 511 


By sj.'mmetry: 

Ri = Ri= $ (80LJ 
Ri = Ri = 40L 


30 b/ft 




where {fi, ) aiii = 3000 psi 
M = 101- Ib-ft 
c = h/ 2 = 2 iïi 
r _ bîr _ 2(4) 5 

•'IT - — 



b = 2 in 


3000 = 


10L 2 (12)(2) 

32/3 


L = 11.55 ft 
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Mornent Diagrani: 




Problem 512 

The circular bar 1 inch in diameter shown in Fig. P-512 is bent into a semicircle with a 
mean radius of 2 ft. If P = 400 Ib and F = 200 Ib, compute the maximum flexural stress 
developed in section a-a. Neglect the deformation of the bar. 


P 



Solution 512 

ZM b = 0 

4Ra = 2(400 sm 60°) + 2(200 sin 30°) 
Ra = 223.2 lb 

P = 400 Ib P = 400 Ib 




M = 2(223,2) - 2(400 cos 60°) 
M = 46.4 lbft 


(> 


(Jt) 


TH.3V 


Mc _ Mr 
I rer 4 /4 
4M _ 4(46 .4) (12) 
xr 3 jî(0.5) 3 


(/. = 5671.52 P si 


Problem 513 

A rectangular steel beam, 2 in wide by 3 in deep, is loaded as shown in Fig. P-513. 
Determine the magnitude and the location of the maximum flexural stress. 



450 Ib 


M = 3600 Ib ft 
3 ft — p| 3 ft 


Figure P-513 
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Solution 513 


LMfl2 = 0 

9 R = 6(430) + 3600 
Ri = 700 lb 


IM R1 = 0 

9R- + 3(450) = 3600 
R-_ = 250 lb 



700 Ib 



Sliear Dìagrarn 



Moinent Dìagram 


Mc 

( f) = --- 

wltere M = 2850 lb-ft 
c = h/2 = 3/2 

= 1.5 m 

r = W_ = 2(3 3 ) 

12 12 
= 4.5 ìrr 

_ 2850 (12) (1.5) 

\Ji )n-.jK - — 

( fc ln-.ax = 11400 psi © 3 ff from right supporf 
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Problem 514 


The right-angled frame shovvn in Fig. P-514 carries a uniformly distributed loading 
equivalent to 200 N for each horizontal projected meter of the frame; that is, the total 
load is 1000 N. Compute the maximum flexural stress at section a-a if the cross-section 
is 50 mm square. 



Figure P-514 and P-515 


Solution 514 

By symmetiy 
Ra = 500 N 
R b = 500 N 



R* Re R* = 500 N 


At sectìcnt a-(i: 

a X 4 
3 5 

x = 2.4 m 

M = xR*~ 2Q0x (x/2) 

M = 2.4(500) - 200(2.4) (2.4/2) 
M = 624 N-m 

- _ Mc _ 624(1000) (50/2) 
■' c ~T 50(50 3 ) 

12 

% = 29.952 MPa 
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Problem 515 

Repeat Prob. 524 to find the maximunn flexural stress at section b-b. 


Solution 515 


oQ rmm 


50 mm 




At section b-b: 

sin 6 = — 
2 

z = 1.5 m 


3 

5 


M = zR s - 200 z (z/ 2) 

M = 1.5(500) - 200(1. 5) (1.5/2) 
M = 525 N-m 


Mc _ 525(1 000) (50 /2) 
~T 50(50) s 

12 

h = 25.2 MFa 


Problem 516 

A timber beam AB, 6 in wide by 10 in deep and 10 ft long, is supported by a guy wire 
AC in the position shown in Fig. P-516. The beam carries a load, including its own 
weight, of 500 Ib for each foot of its length. Compute the maximum flexural stress at 
the middle of the beam. 
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Solution 516 


= 10 cos 15 D 
x = 9.66 ft 



h = 10 ifi 


fi = 724.39 P ?i 


Problem 517 

A rectangular steel bar, 15 mm wide by 30 mm high and 6 m long, is simply supported 
at its ends. If the density of steel is 7850 kg/m 3 , determine the maximum bending 
stress caused by the weight of the bar. 


Solution 517 

w = (7S50 kg/m-](0.015 m x 0.03 m) 
= (3.5325 kg/m)(9.Sl m/s 2 ) 

= 34.65 N/m 



Rí = 103.96 N Rfl = 103,96 N 


15 mm 



Rl= Rr = 6h;/2 

= 6 (34. 65)/ 2 
= 103.96 N 
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34.65 N/m 


Fot siinply suppoi'ted be.:\m subjected to uiiifomily 
clistiibuted load, tlie maximum mament will ogciu at 
tl'ie mLdspfirL At midspítn: 

M = 3(103.96) - 3465(3)0/2) 

.Ví = 155.955 N-m 

Mc _ M(h/2) 


3 m 


R, = 103.96 fí 


( /Ì )iy.a.x 


bh 3 

12 


_ 155.955(1000) (30 / 2) 
15(30 3 ) 

12 

(Ji = 69.31 MPa 


Problem 518 

A cantilever beam 4 m long is composed of two C200 x 28 channels riveted back to 
back. What uniformly distributed load can be carried, in addition to the weight of the 
beam, without exceeding a flexural stress of 120 MPa if (a) the webs are vertical and 
(b) the webs are horizontal? Refer to Appendix B of text book for channel properties. 


Solution 518 


Relevant data troin Appendix B., Table B-4 Praperties 
of Chamiel Secticms: SI Uhits, of text book. 


Desigiìation 

... C200 x 28 

Area 

. ... 3560 nmi 2 

VVidth 

... 64 mm 

Sx-x — ... 

.... 180 x ÌCP min 3 

Iv.V . .. r. .. >.n. ....... . . 

0.825 x 10* ntm. 4 

X ... 

14,4 ìnm 
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rt. Webs are veitical 



(í) H1S M 


xVÍ 


120 = 


M 


2(lS0xl0 J ) 


M = 43,200,000 N-mrn 
M = 43,2 kN-m 


From tlie tigm’e: 

M = 4w(2) 

M = Sïv 
43.2 = Sïíî 
îíí = 5.4 1<N/m 
ctJ = 550.46 kg/m 


u? = cteacl loacl, DL + live load, LL 
550.46 = 2(28) + L L 
LL = 494,46 kg/m 

b. Webs are hoiizoiital 

JtacJ-. = h-y + Av 2 

W = (0.S25 x 10 6 ) + 3560(14.4?) 

= 1 563 201.6 mnr 


I = 25,^ = 2(1 563 201.6) 
I = 3 126 403.2 mm 4 


(Â) 


n'ii> 


Mc 

T~ 


120 = 


M(64) 

3 126 403.2 


M = 5 S62 006 N-mm 
M = 5.S62 kNm 


From tí’ie figtue: 

M = 4 w (2) 

M = 8uj 
5.862 = 8u? 
w = 0.732 75 kls/m 
w = 74.69 kg/m 

if = cteact loact, DL + live load, LL 
74.69 = 2(28) + LL 
LL = 18.69 kg/m 
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Problem 519 


A 30-ft beam, simply supported at 6 ft from either end carries a uniformly distributed 
load of intensity w 0 over its entire length. The beam is made by welding two S18 x 70 
(see appendix B of text book) sections along their flanges to form the section shown in 
Fig. P-519. Calculate the maximum value of wo if the flexural stress is limited to 20 ksi 
Be sure to include the weight of the beam. 






i- 


Fígure P-5I9 


Solution 519 


Relevaiit data from Appendix B, Table B-S Properties 
of I-Beam Seetions (S-Shapes): US Cnstomary Units, 
of text book. 


DesigiiAtion SIS x 70' 

S IQSìil 3 


w 




ifiì 


rï.ix 


M 

5 


20 = 


2(103) 


M = 4120 lcip-iii 
M = kip ít 


Fïoûi ttie moment diagram: 
M = 22 5w 
=225w 

tu 1 =15.26 kip/ft 


w = dead load, DL + live load, hv 
15.26(1000) = 2(70) + w B 
w c = 15 120 lb/ft 
(L.' r = 15,12 kip/ft 
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Problem 520 

A beam with an S310 x 74 section (see Appendix B of textbook) is used as a simply 
supported beam 6 m long. Find the maximum uniformly distributed load that can be 
applied over the entire length of the beam, in addition to the weight of the beam, if the 
flexural stress is not to exceed 120 MPa. 


Solution 520 

Relevant cUita from Appendix B, Table B-4 Pi’operties 
of I-Beam Sections (S-Shapes): SI Uiiits, of text book. 

DesigitAtion 3310x74 

S 333 x 10 3 mm? 



Frcin tlie sheai’ dingrain: 
| (3)(3 zìj) 

= 4.ôîì.i N-m 

M 

12Q _ 4.3^(1000) 
S33xl0 3 

ar = 22,213.33 N/m 
w = 2,264.3b kg/m 


w = DI + LL 
2 264.36 = 74 + LL 
L L = 2,190.36 kg/m 
LL = 21,5 kN/m 


http://librosysolucionarios.net 




Problem 521 

A beam made by bolting two CIO x 30 channels back to back, is simply supported at its 
ends. The beam supports a central concentrated load of 12 kips and a uniformly 
distributed load of 1200 Ib/ft, including the weight of the beam. Compute the maximum 
length of the beam if the flexural stress is not to exceed 20 ksi. 


Solution 521 


Relevant data from Appendix B, Table B-9 Fi’operties 
of Clxaimel 5ections: US Ciistomary Units, of text 

book. 

Designation CIO x 30 

S. 20.7m- 



From tlie sheai’ diagi’am: 

Mo. = \ [(6 + 0.6L) + 6](L/2) 
= 3 L + 0.15L 2 


riijv 


M 


20 ( 1000 ) = 


(3L + 0. 15L~)(1000)(12) 
2(20.7) 


0.1 5L 1 + 3L - 69 = 0 
L = 13,66 and -33.66 (meanirLgless) 
Use L = 13,66 H 
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Problem 522 

A box beam is composed of four planks, each 2 inches by 8 inches, securely spiked 
together to form the section shown in Fig. P-522. Show that I NA = 981.3 in 4 . If w 0 = 300 
Ib/ft, find P to cause a maximum flexural stress of 1400 psi. 


9ft 


r Ŷ ỳ i 

i 

□ 





□ 

3 


U 


u 


L. 

a 

1 1 


t 


12 ft 


í 


mm’/A 

\ 




V///Á 



S in 


Figupe P-52Z and P-523 


Solution 522 



3 in 



^3 11 

Wa = 

300 lb/ft \ 

! 

n i 

v ỳ ^ y v ìm 



. 

mh 

1 n 




12 ft 



r 






R t = ISOO +■ 0.25F R 3 = 1S00 + 0.75P 



MA 


íxA “ 


S (12 3 ) 

12 


= 981.33 in 4 


4(S 3 ) 

12 


12Rj = 300(12) (6) + 3 P 
Ri = 1300 - 0.25P 


12R ; = 300(12) (6) + 9P 
R 2 = 1300 - 0.75P 

M = 4 [(1800 + 0.25P) 

+ (-900 + 0.25P)](9) 
M = 4050 + 2.25P Ib-ft 



1100- (4O50-2.25P)(61(12) 

931.33 

P = 6630.63 lb 


Clieclí if the sheai at P is positive as assumed 
-900 + 0.25P = -900 + 0.25(6630.63) 

= 770.16 Ib (ok!) 

Thus, P = 6680.63 lb 


Problem 523 

Solve Prob. 522 if w 0 = 600 Ib/ft. 
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Solution 523 




EMpj = 0 

12Ri = 600(12) (6) + 3 P 
Ri = 3600 + 0.25P 

ÏMpi = 0 

12Jt = 600(12) (6) + 9P 
R 2 = 3600 - 0.75P 

M= 4 [(3600 + 0.23P) 

+ (-1300 + 0.25P)](9) 
M = 8100 + 2.25P Ib-ft 



1100 - (3100 + 2.25P)(6)(12) 
9S1.33 

P = 4SS0.Ó3 lb 

Check if tlie slieai at P is 
positive as assumed 
-1800 + 0.25P 

= -1800 + 0 .25(4830,63) 

= -579.34 íb (not ok!) 


Fiom ttie actual sheai’ diagnam: 

(3600 + 0.25P) - 60Qk = 0 

3600 + 0.25P 

x = 

600 


Mmax = (3600 + 0.2oP) 


i i 3600 .; a25P ; (3600 + 0.25P) 


M^„ = 


600 

(3600+ 0.25P) 2 




1200 


(_/) 


Mc 


(3600 + 0.25PY 
1200 


( 6 ) ( 12 ) 


1400 = - 

9S1.33 

22 897 700 = (3600 + 0.25PF 
P = 4740.62 Ib 
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Problem 524 

A beam with an S380 &times 74 section carries a total uniformly distributed load of 3W 
and a concentrated load W, as shown in Fig. P-524. Determine W if the 
flexural stress is limited to 120 MPa. 





3W 


T T T T y ¥ T 


3 m 


Ri 


Figure P-524 




R* 


Solution 524 



3W 

W 1 



S 

Míìí f 

r 

3 m 


r 

w i jri i iii 


Ri = 2.3 W R : = 1.7W 



Shear Diagrani -1.7W 


EMm = 0 

5Rí = 3W(3.5) + W(l) 
Hi = 2.3W 

EMm = 0 

5R 2 = 3Wtl.5) + PV(4) 
R 2 = 1.7 W 

2.3 W- Wc = 0 
X = 2.3 ELl 

(2.314) 

= ì (2.3) (Z3W) 
= 2.645W 


Fioni Appendìx B. Table B-3 Pioperties of I-Beam 
Sections (S-Shapes): SI Units, of textbook. 

DesignAtion 5380 x 74 

S... 1 060 x 10 1 uurf 


(ÍL = ^ 

2.645W(1000ì 

lOÓOxlO 3 


W= 48 090.74 N 
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Problem 525 

A square tinnber beam used as a railroad tie is supported by a uniformly distributed 
loads and carries two uniformly distributed loads each totaling 48 kN as shown in Fig. P- 
525. Determine the size of the section if the maximum stress is limited to 8 MPa. 



Solution 525 

0.2 m 


-O.d m- 


1 m 


0.2 m 


|" 240 kN/m 



M 


0.5 m 
240 kN/m 


■ 


* A A. 

I I I 


tt 



IFv = 0 

2Aw = 240(0.2) + 240(0.2) 
w = 40 kN/m 

(fiU, = f- 

Wliere: / c = S MPa 
M = 6 kN-m 
c = 4-Jt 

r= ^ f _ X (i' 3 ) 
12 


S = 


12 

= 2^)t 4 
jn A 


6(4-ï)(1000 2 ) 


-Ljc* 

12 A 

x> = 4 500 000 
X = 165.1 mm square 


Problem 526 

A wood beam 6 in wide by 12 in deep is loaded as shown in Fig. P-526. If the maximum 
flexural stress is 1200 psi, find the maximum values of w 0 and P which can be applied 
simultaneously? 



Figure P-526 and P-527 
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Solution 526 




= 0 

12R X + 3(6ng = 6 P 
R l = 0.5R - 1,5uj c . 

ÏM m = 0 

12R Z = 6P + 15(6«;,) 
R ; = 0.5P + 7.5aï 0 



Where: f = 1200 psi 

c= = 4(12) =6 

= 6 ( 12 3 ) 

12 " 12 
= S64 ni* 


For mornent at R : : 
1200 = 

S64 

w 0 = S00 Ib/ft 


Fd’ moment under P: 


1200 ~ ^- 9 ^>» 6 H12) 


S64 

14 400 = 3P - 9îtt, 

14 400 = 3P - 9(800) 
P = 7200 lb 
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Problem 527 

In Prob. 526, if the load on the overhang is 600 Ib/ft and the overhang is x ft long, find 
the maximum values of P and x that can be used simultaneously. 


Solution 527 



SMm = 0 

12 R v + 600.V (x/2) = ÉP 
= 0.5P - 25x 2 


12 R z = 6 P + 600ï (12 + /x ) 
Pi 0.5P + òOOx + 



Refei to Solution o26 foï values 
of c anct I. 

Foa' mcment at R< 

1200 _ (30Qa~)(6)(12) 

864 

r- = 4S 
x = 6.93 i t 

For monuent rnidei’ P: 

1200= (3P-150.u- 2 )(6)q2) 

S64 

14 400 = 3P - 150ji- 
14 400 = 3P - 150(6.93-) 

P = 7 201.245 lb 
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Economic Sections 

From the flexure formula f b = My / I, it can be seen that the bending stress at the 
neutral axis, where y = 0, is zero and increases linearly outwards. This means that for a 
rectangular or circular section a large portion of the cross section near the middle 
section is understressed. 

For steel beams or composite beams, instead of adopting the rectangular shape, the 
area may be arranged so as to give more area on the outer fiber and maintaining the 
same overall depth, and saving a lot of weight. 



{a) Rectangular (b) Wide flange fc) I-beaT 

(W Shape) (5 Shape) 


When using a wide flange or I-beam section for long beams, the compression flanges 
tend to buckle horizontally sidewise. This buckling is a column effect, which may be 
prevented by providing lateral support such as a floor system so that the full allowable 
stresses may be used, otherwise the stress should be reduced. The reduction of stresses 
for these beams will be discussed in steel design. In selecting a structural section to be 
used as a beam, the resisting moment must be equal or greater than the applied 
bending moment. Note: ( f b ) ma x = M/S. 


* ' - ^hv6-loid 

(fb) max 


The equation above indicates that the required section modulus of the beam must be 
equal or greater than the ratio of bending moment to the maximum allowable stress. A 
check that includes the weight of the selected beam is necessary to complete the 
calculation. In checking, the beams resisting moment must be equal or greater than the 
sum of the live-load moment caused by the applied loads and the dead-load moment 
caused by dead weight of the beam. 


AíiBÎstìng — Ailii.-e-lc.aid ■^ícrad-lcad 

Dividing both sides of the above equation by ( f b ) max , we obtain the checking equation 


í r c j L . tiTL t; — S]:vc-]aad -.eaa-l 


Assume that the beams in the following problems are properly braced against lateral 
deflection. Be sure to include the weight of the beam itself. 
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Solved Problems in Economic Sections 


Problem 529 

A 10-m beam simply supported at the ends carries a uniformly distributed load of 16 
kl\l/m over its entire length. What is the lightest W shape beam that will not exceed a 
flexural stress of 120 MPa? What is the actual maximum stress in the beam selected? 


Solution 529 


16 k.Nfm 



Momeiit Diagrarn 


C > - r *live-load > 200 ( 1000") 

(A)*. " 120 

SpeqnijEd — 1.666,666.67 nuff 
5«q-airíc ^ 1 666.67 x ÌO 5 miri-' 

Staitmg at tlie bottom of Appendix B, 
Table B-2 Ptoperties of VVnie-Flaiige 
Sections (W Shapes): 51 Units, of text 

book, tlie fo!lowing aie tlie fiist to 
exceed the 5 above: 

Desigiiiition Section Modnlus 

VV250 x 149 1 S40 x 10 3 nmV 

W310 x 11S 1 750 x 10 3 mmf 

W360 x 101 1 690 x 10 3 mm? 

W410 x 100 1 920 x 10 3 mm? 
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82 kg, ; m 



1025 kg m 



Moment Dìagram 


W460 x 89 1 770 x 10* mnv 

W530 x 35 1 S10 x 10 3 imrf 

W610 x 82 1 870 x 1(P mm? 

W690 x 125 3 500 x 10 3 mnV 


Lse tlie liglitest section W610 x 82 
Checking: 

^rïiLîtinç — J ]:ve-]aad "^" rriá-lciii 

5]: TC -]Dìd = 1 666,67 x 10* mm 3 
1025(9. Sl)(1000) 


Sdcod-laad 


120 

= S3.79 x 10* mm* 



= (1 666.67 x 10 3 ) + (83.79 x 10 5 ) 
= 1 750,46 xlO 3 mnv 5 


The resisting 6 of W610 x S2 is 1 370 x 10* mm*, the 5 
dne to live-loacl and dead-load is only 1 750.46 x 10* 
mm 3 , tlierefoie, the chosen section is snfficieivt to 
resist tlve combined dead-load and live-load. 

Actnal bending moment due to dead and live loads: 

-^4 A-f LvrXDad + -^deac-lDad 

M = 200 + 1025(9.81/1000) 

M = 210.06 kNm 


Actual shess: 



_ 210.06(1000 2 ) 
1870 :< 10 3 

= 112,33 MPa 
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Problem 530 

Repeat Prob. 529 if the distributed load is 12 kl\l/m and the length of the beam is 8 m. 


Solution 530 


12 klVm 




^req^jjjed — 


-^live-load ^ 

(A) max 


96(1000 2 ) 

120 


Sreqoued ^ SOO X 10 5 IlUn 5 


From Appendix B.. Tabie B-2 Propeities 
of VVide-Flange Sections (W Sliapes): SI 
Units, ot text book: 


Degignation 


Se c ti o n M o du 1 u s 


VV200 x S6 
VV250 x 67 
VV310 x 60 
VV360 x 57 
VV410 x 54 


S53 x 10’ mnV 
S06 x 10- imrV 
S49 x 10 ? mm 3 
S97 x 10-’ mnV 
924 x 10 ? mnV 


VV460 x 52 943 x 10 ? mm 3 


Lse tlie lightest section W460 x 60 


52 kg/m 




Moment Diagrain 


Cheehing: 

- rs&i:=i 1 it — -^ÍMd-Ieid 

Sirrs-ioid = SOÛ x 10 3 trrm 3 
r _ 416(9.81){1000) 

•-•'zEid.-Loid 

120 


= 34 x 10 3 mnV 

^iivs-ÌDid -•.-.íjid-loid 

= (S00 x 10 3 ) + (34 x 10 3 ) 
= S34 x 10 3 mnV 


(943 x 10 3 mnV) > (S34 x 10 3 mnV) (ck!) 

Achial bending moment: 

2:1 + i ni deïd-lDad 

M = 96 + 416(9.31/1000) = 100.03 kNm 
Actual shess: 

f £ ^ _ M 100.0S(1000 2 ) 

l O 1 j — — I - — 5 

S 943 x 10 

(h W = 106.13 MPa 
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Problem 531 

A 15-ft beam simply supported at the ends carries a concentrated load of 9000 Ib at 
midspan. Select the lightest S section that can be employed using an allowable stress of 
18 ksi. What is the actual maximum stress in the beam selected? 


Solution 531 


P = 9000 lb 


I L = 15 ft i 

R l = 4500 Ib Rj = 45C0 Ib 


Live Load 

Ha = V4 PL 


= 25.4 Ib/ ft 


□ 


u 

.11 

[i 

lii 


L = 15 ft I 

Rj = 190.5 lb = 190,5 Ib 


Dead Load 

M„ a = l/3w,L J 


^req-JÌTEd — 


, i(OOOOK15)(12) 

(AW isooo 


5 requiicd — - H — - O llŷ 

Froiri Appertdìx B, Table B-3 Pi’opeities 
of 1-Beani Sections (S Shapes): L'S 

Custoniary Units, of text book: 

Use S10 x 25.4 wiíh 5 = 24.7 m 3 


Checldng: 

1 r-, l: “Ììl- — S]K*er]aïíl tîf.MÌ-lrid 

S]^-c-] D id = 22.5 irf 
c ^-{25 .4) (1 5~ ) (12) 

tífcad-bid = — — — 

18000 

= 0.4S in s 

Slîve-Lcad 4" ?d*af.-lDaf. ^2.0 4- 0.4S 
= 22.9-S m- 

(SnditeiB = 24.7 m-) > 22.9S m à (ok!) 


Achial benctiiig momeut: 

A4 -Vífi ve-l “j, d + Aídcad-laïd 

M = ±PL + 

M = | (9000) (15) + ± (25.4)(15-) 
M = 34,464.38 lbit 


Actual shess: 


( fh ) Dr.a.< 
( fi )nr.ax 


A£ _ 34,464.38(12) 

S 24.7 

16,743. S3 psi 
16.74 k9i 
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Problem 532 

A beam simply supported at the ends of a 25-ft span carries a uniformly distributed load 
of 1000 Ib/ft over its entire length. Select the lightest S section that can be used if the 
allovvable stress is 20 ksi. What is the actual maximum stress in the beam selected? 


Solution 532 


w„ = 1000 Ib/ ft 



Live Load 

M™ = 1/3 w 0 L 2 


? pcqnijtd 


M , |q000)(25 2 )(12) 
(/bU* ~ 20000 

46.S75 îiV 


From Appendix B, Table B-8 Propeities 
of I-Beam Secticms (S Sliapes): US 

Customaiy Units, of text book: 

Use S 15 x 42,9 wLth 5 = 59.6 uv 


w 0 = 42.9 \bf ft 



Dead Load 

Mnujc = 1/3 w fl L 2 



Adtual benrtuig moment: 

^ Jead-laad. 

— i.~2 ^ ï c^- - )Lve-Laa.d. ~^~ {"g àc3.d-]oi.d 

M = i (1000)(25-) + | (42.9) (25 2 ) 

M = S1À76.56 lb-ft 



( fi, )m.y = 16,404. 6S psi 

{ fb )iï.a.y — 16-4 ItSÌ 


http://librosysolucionarios.net 




Problem 533 

A beam simply supported on a 36-ft span carries a uniformly distributed load of 2000 
Ib/ft over the middle 18 ft. Using an allovvable stress of 20 ksi, determine the lightest 
suitable W shape beam. What is the actual maximum stress in the selected beam? 


Solution 533 


2000 Ib/ ft 





m 

n 






.■ r. ft- j-T 

r^- y TL 

*■ ÌO TL í 

ï j n i 


A*ww = 18,000(9) + i (9) (15,000) 
AW w = 243,000 lbft 
> 


S req-jircd — 


. 243000(12) 


(A) max 
5 r , quÌTcá > 145.8 in 3 


20000 


18,000 Ib Ljw Load 18,000 Ib 



From Appendix B, Table B-7 Propeities 
of \\5de-Flange Sectioiis (W Sliapes): L'S 
Customary Units, of text book: 
DesigiiAtion Secfion Modulus 

W12 x 120 163 in 3 

W14 x 99 157 iiv 

W16 x 89 155 in 3 

W13 x 76 146 in 3 


w 0 = 6E Ib/ ft 



Jl, 


mi 

•■Ì.r- 

W24 x 65 

154 in 3 


L = 16 ft 


R, = 1224 Ib 


R, = 1224 Ib 


Dead Load 

M ri „:, = 1/8 W C U 


L.se W24 x 6fi witli 5 = lo4 in 3 
Chedcmg; 

5rsiistìEi5 — ~ l ];\'e-]aid 

5]i^B-]n»d = 145. S in 3 

_ ^68)(36 2 )(12) 

20000 
= 6.61 in 3 

5] ;Te -] D1 d + 5dsjd-ioid = 145. S + 6.61 
= 152.41 in 3 

(5«^^ = 154 in 5 ) > 152.41 m 3 (ok!) 


Achial bencling moment: 

Alljre-laad + 34dtad-]aïd 

Af = 243,000 + | (68) (3Ó 2 ) 
M = 254,016 Ib-ft 


Actual shess: 



254,016(12) 

154 


( fi )«.» = 19,793.45 psi 
Ut)-„ = 19.79 ksi 
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Problem 534 

Repeat Prob. 533 if the uniformly distributed load is changed to 5000 Ib/ft. 


Solution 534 


5S00 Ib/ ft 


ua 


= 45,000(9) + ± (9) (45,000) 

= 607,500 lb-ft 
jU > «>7500(12) 


■^req-JÌTíâ — 




9 ft 4* 1S 


ft 9 ^ 


(fb') inax 

? DeqîiirtQ — 364.5 iii 3 


20000 



^fS.QDC Ib 


From Appendix B, Table B-7 Propeities 
of Wide-Haiìge Sections (W Shapes): L'S 
Customary Units, of text book: 
Designation Secfion Modulus 

W r 12 x 279 393 iiv 

W14 x 233 375 m 3 

W24 x 146 371 m 3 

W r 27 x 146 411 m 5 



Dead Load 

M mi( = 1/8 w 0 L 2 


Checkirig: 

— 5];ve-]oid bc*aá-Ic-id 

S]]vc-]daH ^64.5 m 3 

i{130)(36 2 )(12) 


j ìcal 1' 


■Lc ;A 


= i_ 


(S 


20000 
= 12.636 in 3 

JjLve-ioi.] ”1” jieod-loLd 364. J "t 12.636 
= 377.1:36 iiv 
rcin-_n- = 406 in 3 ) > 377.136 in 3 (ofcJf) 


Actual bending moment: 

34 : li ve-lc ad "^" 3d£ Ea( i_] a - J 

M = 607,500 - -| (130) (36-) 
M = 628,560 lb-Jft 


Achial sftess: 



628,560(12) 

406 


( h )nu* = 13,o78.13 psî 
(>. = 16.58 ksi 
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Problem 535 

A simply supported beam 24 ft long carries a uniformly distributed load of 2000 Ib/ft 
over its entire length and a concentrated load of 12 kips at 8 ft from left end. If the 
allovvable stress is 18 ksi, select the lightest suitable W shape. What is the actual 
maximum stress in the selected beam? 


Solution 535 


|_ft I 12,00!} Ib 

f 2000 


Ib/ft 


y 

m 



□ 


□ 



D 



□ 

J 



^^ft 

Rj = 32,000 Ib R 3 = 28,000 îb 


Live Load 



ÏÏVÍM^O 

24Ri = 16(12 000) + 2000 (24) (12) 
Ri = 32,000 lb 


YMm = 0 

24Ei = 8(12 000) + 2000(24) (12) 
Ra = 28,000 lb 

x _ 16— ï 
2S000 ~ 4000 

4000a = 2S 000(16 - x) 

32 OOO.v = 448 000 
x = 14 ft 


JMihcU = 4; x (28 000) = \ (14) (28 000) 
= 196,000 lb-ft 


c . -^live-loai 

■Jrequired — " ~ — 

yJh 

Sreqniici 2 130.67 m- 


196000(12) 

18000 
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From Appendix B, Table B-7 Propeities ot Wide- 
Flange Sections (W Sliapes): US Ctistomaiy 

Units, ot text book: 

Designation Seciion Modulus 

W12 x 96 131 in? 


W14 x 90 
W16 x 77 
W1S x 76 


143 m 3 
134 in 3 
146 in 3 


W21 x 68 140 in 3 


W24 x 62 131 in 3 


Ti yW24 x 62 with 5 = 131 in 3 


62 Ib/ ft 


1f l 


L 

t 'ì 

f 'l 




t t 

! Rj = 744 Ib R 3 = 741 Ib 

Dead Load of W24 * 62 


7^4 lb 


x = 14 ft 



Shear Diagram 


68 Ib/ft 


-744 Ib 


■ 

■ 


Tj 

r V V 1 


□ 


rïïlfff 



t ^ t 

R t = E16 Ib R 2 = E16 lb 

Dead Load of W21 x 68 


816 lb 



-816 lb 


Cheddng: 

Si«ììílt .5 — í liv'e-Load 4" Sdrid .oiz 

? lÏLie-lc a4 130.67 m- 

; y = 124 Ib 
2 12 ' 

At critical section: 

Afd»«-d = ^{744 + 124) (10) 


- 7 icìd-\eìd 


= 4340 lbft 
_ 4340(12} _ . 


= 2,89 in 3 


ÌSOOO 

SwioaJ + -M-id-k.id = 130.67 + 2,89 
= 133.56 in 3 

(5. _irh. E = 131 in 3 ) < 133,56 in 3 (nct ok!) 
Try W21 x 68 with S = 140 m 3 
Checldng: 

Si«j5tir,5 — Slive-lDajâ + d=ad-loa_-. 

Siivtitad = 130.67 in 3 
y = 316 
2 


: y = 136 lb 


Shear Diagram 


12 

At critical section: 

Mj-ibi" j(816 + 136)(10) 

= 4760 tbft 

C _ 4760(12) _ 

Jdead-load “ „ - 3.1/ HV 

ÌSOOO 
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Slivï.lcad + ~ 130.67 + 3,17 

= 133.84 m 5 

í5. -^- r = 140 m s ) > 133,84 ir? (ofc') 

Use W2i x 6S 

Actuol bencting moment: 

M = + Al£ EJ d-] 0i d = 196,000 + 4,760 

M = 200,760 lb-ft 

Actual stiess: 

_ M _ 200,760(12) 

( fh ) ma y = 17,208 psi 
(/,W = 17.208 ksi 


Problem 536 

A simply supported beam 10 m long carries a uniformly distributed load of 20 kl\l/m 
over its entire length and a concentrated load of 40 kN at midspan. If the allowable 
stress is 120 MPa, determine the lightest W shape beam that can be used. 


Solution 536 


5 m 


^OícN 


r 


■ i 

20 Mtym 

ij 

a 

1 1 1 1 ^ | 

Li 




10 m 


Rj = 120 kN 


Ri = 120 kN 



-12D kN 


= i (120 + 20)(5) 


= 350 kNm 


S 


TC qixitd. 


> 


^liuE-load 

ifb) m:/ 




350(1000 2 ) 

120 


> 2,916.67 x 10 3 mnv 


Froni AppencEx B, Table B-2 
Pi'opeities of Wicle-Flange Sections 
(W Shapes): SI Units, of text book: 
Desìgiidtiou 
W310 x 202 
W360 x 179 
W46Q x 144 
W530 x 138 


Secfion Modulus 
3,050 x 10 3 nmi 3 
3,120 xlO 3 nmý 
3,080 x 10 3 mnv 
3,140 x 10 3 mm 3 


W610 x 125 3,220 x 10 3 mm? 

W690 x 125 3,500 x 10 3 ntm 5 
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WólO x 125 has a theorefical ìmss of 125.1 kg/m 
while W690 x 125 has a tiieoretical ìnass of 125.6 
kg/m, Thus, use W610 x 125 witli S = 3,220 x ÌEP 
mrrf. 


w 0 = L25.1 fcg/m 

Tuii.ii.ium.i, 

L L = 10 m i 

Rl = 625.5 kg R 3 = 625.5 kg 

Dead Load 

M™* = 1/S w„L 2 


Cheddng: 

— '^live-lDaà ~^~ -’dsad-lDid 

5^-1^ = 2,916.67 x 10 5 min 5 

4 ( 125.1 ) (9.S1 ) ( 10 “ ) (1000 ) 




bad 


= s' 


120 

= 127.S4 x 10 3 amf 

S]fve-]Da,d j.ead-lciíl 

= (2,916.67 x 10 3 ) + (127.84 x 10 5 ) 
= 3,044.51 x 10 3 mm 3 


(Sx raitme = 3,220 x 1Q 5 mm 5 ) > 3,044.4 x ICF vmÝ (ok!) 


http://librosysolucionarios.net 




Floor Framing 

In floor framing, the subfloor is supported by light beams called floor joists or simply 
joists which in turn supported by heavier beams called girders then girders pass the 
load to columns. Typically, joist act as simply supported beam carrying a uniform load 
of magnitude p over an area of sL, 

where 

p = floor load per unit area 
L = length (or span) of joist 
s = center to center spacing of joists and 
w 0 = sp = intensity of distributed load in joist. 


s 
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Solved Problems in Floor Framing 


Problem 538 

Floor joists 50 mm wide by 200 mm high, simply supported on a 4-m span, carry a floor 
loaded at 5 kl\l/m 2 . Compute the center-line spacing between joists to develop a 
bending stress of 8 MPa. What safe floor load could be carried on a center-line spacing 
of 0.40 m? 


Solution 538 

W = Sí, kNÍTI 

í ! L = 4 m 

r l = ios sín r 2 = ios m 

Lo j d Dlagram 

M mH = 1 /B w*L= 



Cross-Section 


w fl = 0.4p kN/m 



Load Diagram 

Mmaic = 1/S W c L r 


Parl 1: 



where: ( f\ = 8 MPa 

Ss)C^) 

= lOs kN m 
c = h/2 
= 200/2 
= 100 mm 



_ 50 (200 3 ) 

12 

= 33.33 x 10 E mnf 
10g(100){100Q-) 

33.33 xlO 6 
s = 0,267 ui 

Pirt 2: 



where: Ad = U L- 

= i(0.4p)(4í) 
= 0.Sp 

0.8p(l00K10OQ 2 ) 
33,33xl0 6 
p = 3.33 kN/m- 
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Problem 539 

Timbers 12 inches by 12 inches, spaced 3 feet apart on centers, are driven into the 
ground and act as cantilever beams to back-up the sheet piling of a coffer dam. What is 
the maximum safe height of vvater behind the dam if vvater vveighs = 62.5 lb/ft 3 and ( f b 
)max = 1200 PSÌ? 


Solution 539 

Timbei 



■-> Í+- ■-> 4+ 



3 ft 


= 62.5 h lb/ft- 

F = \ wJi (3) 

F= i (62.5h)h 
F = 93.75/í- lb 

M = (ffe)F 
M = § h (93.75/í 1 ) 

M = 31.25Í? 5 lb ft 

1 

120Q _ 31.25fe 3 (12)(12/2) 

12 ( 12 3 ) 

12 

h = 9.73 ft 


Problem 540 

Timbers 8 inches wide by 12 inches deep and 15 feet long, supported at top and 
bottom, back up a dam restraining water 9 feet deep. Water weighs 62.5 lb/ft 3 . (a) 
Compute the center-line spacing of the timbers to cause f b = 1000 psi. (b) Will this 
spacing be safe if the maximum f b , ( f b ) max = 1600 psi, and the water reaches its 
maximum depth of 15 ft? 
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Solution 540 


Pcïl't (a) 

W' = 62.5(9s) 
iV' = 562. 5s lb/ft 



F,.= |ïtt,(9) 

F,. = i (562. 5s) (9) 
F,. = 2531 .25s lb 


£Mhi = 0 

15Pi = 12F W 
15Pi = 12(2531. 25s) 
P; = 2025s 


SMje = 0 
15«! = 3F„ 

15«! = 3(2531. 25s) 

«i = 506. 25s 

Locatìon. of Maxiimun Moment 
y _ 562.5s 
i 9 
y = 62. 5s 

50ó.25s - f Jty = 0 

506.25S - f .v (62.5s.-i-) = 0 

= 16.2 
x = 4.02 ft 
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8,531.25 îb 



17,062.5 Ib 

Shear Dìagram 


Maxiintmi Moment 
M = (506.255) (6) + i U)(506.25s) 

M = 3037.5S + 337.5(4.02s) 

M = 4394.25s 


Reqimed Spacing 

(jíu.--^ 

10 00-J? 9i25s ( 12 *( 12 / 2 ) 


3(12") 

12 


s = 3.64 ft 


Plart (b) 

= 62.5(15)(3,64) 

= 3412.5 lb/ft 

3.64' 3, 64' 


Ri 



R, = 3412.5 Ib 

Pressnre Diagrarn 


Fï. = yît)o(lo) 

F,. = | (3412.5) (15) 
F„ = 25,593.75 lb 

EMei = 0 
1 5Rz = lOFm 
15Fz = 10(25 593.75) 
Ih = 17,062.5 lb 
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1Ms2 = 0 
15Ri = 5F,. 

15«! = 5(25 593.75) 
R l = 8,531.25 lb 


Location of Maximum Moment (Shear = 0) 
\j_ _ 3412.5 

x 15 
y = 227.5jc 

3531.25 - T-Jty = 0 

8531.25- fjc(227.5.t) = 0 

x 2 = 75 
x = 8.66 ft 


Maxiintun Moment 
M= 1 48531.25) 

M = j (3. 66) (8531.25} 
M = 49,255.19 lb-ft 


Actnal Sfa.es s 



, _ (49 255.19)(12)(12 / 2) 

' 8 ( 12 3 ) 

12 

= 3,078.36 psi > 1600 psi 

Tlieiefore, tlie 3.64 ft spacing of timbers is not 
safe when water reaches its ìnaximuni depth of 
15 ft. 
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Problem 541 

The 18-ft long floor beams in a building are simply supported at their ends and carry a 
floor load of 0.6 lb/in 2 . If the beams have W10 x 30 sections, determine the center-line 
spacing using an allowable flexural stress of 18 ksi. 

Solution 541 


io 0 = (0.6 lb/in 2 )(12 in/ft)-(s ft) 
w B = S6.4s lb/ft 



Ri = Ki= |(86.4s)(18) 
= 777. 6s Ib 


M*» = 777. 6s (9) - 8ó.4s (9) (4. 5) 

= 3499.2s Ib-ft 

Fmm Table B-7 in Appendix B of textbook: 

Propsriics of Wiá£-Fiangc Sccticns (l'V-Shnpcs): US 

Cusiomary Uniis. 

Designahon âection Modulus, S 

W10 x 30 32.4 in 5 


Â- 


M 

S 


13,000 = 


3499.2S (12) 
32.4 


s = 13.9 ft 
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Problem 542 

Select the lightest W shape sections that can be used for the beams and girders in 
Illustrative Problem 537 of text book if the allovvable flexural stress is 120 MPa. Neglect 
the vveights of the members. 



Solution 542 

Far BeAut5 (B - 1) 

Total Load. W= 5(2x4) 
= 40 kN 





Distiibtitect Load, w„ = W/L = 40/4 
= 10 kN/m 

Hi =Ri= kW= j (40) 

= 20 kN 

= Ri(L/2) -10(L/2)(L/4) 

= 20(4/2) - 10(4/2) (4/ 4) 

= 20 kN-m 


S 


req-jijc r. 


M _ 20(1000 : ) 

h 120 


Sreq-jirctE = 106 666,67 mnV' 
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From Appendix B, Table B-2 Propeities ot Wide- 
Flange Sections (W ShapesJ: SI L"mts y of text 

boolc: 

Designation âection Modnlus 

W130 x 2S 167 x ÌO^ 


W150 x 24 168 x 10 3 mm s 

W20Q x 22 194 x 10 5 nuff 

W250 x 1S 179 x 10 5 mrrf 


Considei' W250 x 18 with S = 179 x 10 5 min 5 


» hM = 18(9.81/1000) 



0,35316 kN 0.35316 kN 


Dead Load 
= 1/8 w„ L 1 


Cliecking: 

Ore^Lìtirig 2 SlÌT.Te-lcad ^ S.leac-lsaâ 


Sr= datme = 179 x 10 5 min 5 
S]/ TE -] Ditt = 166 666.67 mnv 


, , = 4*. = [tÌ0.1765S)(4 : )]lOOO 

W /j 120 


= 2,943 nmi 5 

179 x 10 5 > 166 666.67 + 2.943 
179 x 10 5 > 166 .67 x 1 0 5 (okf) 


Use W250 x 13 for B-l. 


20 kN 20 kN 



For Giicter (C - 1) 


^lcre-lmd 


_ M _ 40(1000 2 ) 


h 120 

= 333.33 x 10- mnd 


Fiom Appendix B, Table B-2 
Pioperties of Wide-Flange Sections 
(W Shapes): SI Units, of text book: 
Designation Section Modulus 
W200 x 36 342 x 10 5 mnd 

W250 x 33 379 x 10 5 mni 5 

W310 x 28 351 x 10 5 mm s 


Considei’ W310 x 2S witli 
5 = 351 x 10 5 mni 3 
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= 28(9.81) 

= 274. 6S N/m 



niBfldng: 

— — 'rpqiiirp.- 4" — nv.”n-v.-pi£K- 

^uppbcd = 1790 x 10- mm 3 
5 Iíq un S d = 333.33 x ÌQP mm. ? 


vr 

c = lvl nwïirWieight 

^CTvn-Tvcdsíit 

h 


_ [1 (274.63) (6 2 )](1000) 
120 

= 10 300,5 mm 3 


1790 x 10 3 > (333.33 x ÌCP) + 10 300.5 
1790 x 10 3 > 343.63 x 10* (ok!) 

Use W310 x 28 for G-l. 


Fo-r Bhuis (B — 2) 


20 kN 



XM R1 = 0 

6Ki = 20(4) + 10(2)(5) + 15(4)(2) 
Rl = 50 kN 

Bti = 0 

6R-, = 20(2) + 10(2)(1) + 15(4) (4) 
= 50 kN 


Locaticdi of Máximtim Momeiit 
ï = 4-x 
50 10 

lO.v = 200 - 50x 


M™ = j(f )(50) 
= kN-m 


= M = ^(1000 : ) 
f„ 120 
= 695 x 10* mni 3 
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Frcdn Appendix B, Table B-2 Froperties of Wide 
Flange Sections (W Shapes): SI Units, of text book: 
Degionation Section Modnlus 

■O 


W200 x 71 

709 

x 10 3 nnn? 

W250 x 67 

S06 

x 10 : mm 3 

W31Q x 52 

747 

xlO- mm 3 

W360 x 51 

796 

x 10 ? mm 3 

W410 x 46 

773 

x I0 3 mm 3 


Consider W410 x 4b witli 5 = 773 x ltF mnT 


CIiecking; 

^EirpplÌBd — ‘-’jtqTiirtd. ~^~ n'LÌghl 

S™ ppiiad = 773 x 10 5 irnn 3 

S rí q uìt ec 095 x ÌQ^ 

■-’aV.T.-V-CLçlìt “ “ 

A 

_ i(451.26)(4 2 )(1000) 
120 

= 7521 mm 3 

Snqnnnd + S D kti-h-=isKt = (695 X 10 5 ) + 7521 
= 702 521 mm à 

(S,u TV ^d = 773 x: 1Û 3 mm 3 ) > 702 521 mm 3 (okf) 
Use W410 x 46 foi B-2 

For Beduif (B - 3) 

M^ = j(2D)(6?) 

= 90 kN-m 

c . — ^ni* 

^reanijed I 

Á 

_ 90(1000-) 

120 

= 750 x 10 5 mm 3 


w D = 20 fcN/m 



M„„ k = 1/8 w D L 2 


^□«n-wehíit 46(9.81) 

= 451.26 N/m 



M„,„ = 1/8 w e L 2 
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From Appendix B., Table B-2 Propertìes of Wide 
Flaiìge Sections (VV Slitipes): SI Uiiits, of text book: 
Desiguation Section MolÌuIus 


W200 x S6 
W250 x 67 
W310 x 60 
W360 x 51 


853 x l(P mnT 
S06 x 10- mm 3 
S49 x 10' mnT 
796 x 10’ mni 3 


W410 x 46 773 x 10- nun 3 


Consider W410 x 4ò witli S = 773 x 10- mnT 


From the Checkìng ot B - 2 

^OTLT.-TveLght /521 mnT 
S raï aircG + = (750 X 10=) + 7521 

= 757 521 ntm= 

(■^tiappjjfld 773 x 1Q3 mnT) > 757 521 mnT (oJc') 

Use W4i0 x 46 foi B-3 

Tliis sectian is the same to B- 2 


60 kM 60 kN 



For Girders G - 2 

= M _ 120(1000 2 ) 

fb 


c _ Llz. _ 

^ieq-u^ed 


120 

= 1000 x 10= rniïT 


From Appenctix B, Table B-2 
Propertìes of VVide-Flange Sectìoits 
(W Shapes): SI Units, of texf book: 

DesigiiAtion Section Modulus 


W250 x S9 
W310 x 74 
W360 x 64 


1100 x 10 3 mm J 
1060 x 10= inm J 
1030 x 10 3 mm- 


W410 x 60 1060 x 10= inm- 

W4Ó0 x 60 1120 x 10= mnT 


Ttrere are hvo optìons, botli exceeds tlie ìequired S ot 
1000 < 10= nmT, One is W410 x 60 with theoretical 
mass of 59,5 kg/ m and tlte otlier is VV460 x 60 rvitli 
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theoretical niass ot 59.6 kg / ûl For economic reason, 
we prefer W4I0 >: 60. 


CIiecking: 

-^LTipplLcd. 


^OLVn-ntiílhÌ — 

= 5AS.6 Hf m 



M maï = 1/8 w D L 2 



i'rcq'jijcé + 5owrtwei^il ~ (1000 X 10 3 ) + 22 0/2.0 
= 1 022 072.5 mm 3 

(S™ ? = 1060 x 10 5 mm 3 ) > 1 022 072.5 mni 3 (i?îc. r ) 
Use W4i0 x 60 for G-2 


SmimiAry: 
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Problem 543 

A portion of the floor plan of a building is shown in Fig. P-543. The total loading 
(including live and dead loads) in each bay is as shown. Select the lightest suitable W if 
the allowable flexural stress is 120 MPa. 


ZL 


- Wall 



Solution 543 


w 0 = 22.5 feN/m 


L = 5 m 

Rj = 56.25 kN Rj = 56.25 kN 


Mernber B - 1 

Mra« = 1/8 L 2 


For Member B - 1 

s « 

-■ ríquiTfi r. 

Á 

_ }(22.5)(5 : )(1000 2 ) 

120 

= 5S6 x 10 3 nun 3 

From Appendîx B, Table B-2 Properties 
of Wide-Flange Sectioiis (W Shapes): SI 
UmtSj, of text book: 


Use W410 x 39 with S = 6S4 x 10 3 mm 3 
loi’ nuembei 5-1. 
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56,25 kN 


For Member G - 1 

M = 2.5(28,125) 

= 70.3125 fcN-m 


2.5 m 1 2.5 m 

I I 

t t 

Ri = 23,125 kW Rj = 28,125 kN 

Member G - 1 

| I | 

i 28.125 kN ; 


-28.125 kN 
Sliear Diagram 


s Í= M 
A 

= 70,3125(1000') 

120 ~ 

= 5S6 x 10 5 aim 3 

Frorn Appendix B, Table B-2 Propeities 
of Wide-Elange Sections (W Shapes): SI 
Units, of text book: 

Use W4i0 x 39 witli S = 634 x 10 5 nim-' 
f oi’ nueffibei' G - 1, 



Ri = 105.804 kN Rj = 109,821 kN 

I Member B — 2 



109.821 kN 

Sliear Diagram 


For Member B - 2: 

ZM R2 = 0 

7R, = 2S.125(5) + 1S.75(2)(6) 

+ 30(5) (2.5) 

= 105.804 k>J 

IM ai = 0 

7 R 2 = 2S.125(2) + 18.75(2) (1) 

+ 30(5) (4. 5) 

R 2 = 109.821 kN 

Location of Maxinuiffi Monieiit: 
x = 5x 
109.821 40.179 

40.179* = 549.105 - 109.821* 
* = 3.6607 ni 

Mnximitm Moment 

M= \ (3.6Ó07) (109.821) 

= 201,01 kN-m 
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Unsymmetrical Beams 

Flexural Stress varies directly linearly with distance fronn the neutral axis. Thus for a 
symmetrical section such as wide flange, the compressive and tensile stresses will be 
the same. This will be desirable if the material is both equally strong in tension and 
compression. However, there are materials, such as cast iron, which are strong in 
compression than in tension. It is therefore desirable to use a beam with unsymmetrical 
cross section giving more area in the compression part making the stronger fiber 
located at a greater distance from the neutral axis than the weaker fiber. Some of these 
sections are shown below. 



The proportioning of these sections is such that the ratio of the distance of the neutral 
axis from the outermost fibers in tension and in compression is the same as the ratio of 
the allowable stresses in tension and in compression. Thus, the allowable stresses are 
reached simultaneously. 

In this section, the following notation will be use: 

f bt = flexure stress of fiber in tension 
f bc = flexure stress of fiber in compression 
N.A. = neutral axis 

y t = distance of fiber in tension from N.A. 
y c = distance of fiber in compression from N.A. 

M r = resisting moment 

M c = resisting moment in compression 

M t = resisting moment in tension 
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Solved Problems in Unsymmetrical Beams 

Problem 548 

The inverted T section of a 4-m simply supported beam has the properties shovvn in Fig. 
P-548. The beam carries a uniformly distributed load of intensity w 0 over its entire 
length. Determine wo if f bt < 40 MPa and f bc ^ 80 MPa. 



Figure P-548 


Solution 548 


= 2 iv c 



Mi = 


40(30 xlO 6 ) 

SÔ 



Rj R: 

Member B - 1 

M™. = 1/8 w„ L 1 


= 15 000 000 nun 
= 15 kN-mm 


„ _ 30(30x10°) 

± VLr 

200 

= 12 000 000 N' inm 
= 12 kN-nnm 


TLie sectûm is sti'ongei' in tension and weaker iit 
compression, so compression govems in selecting tlie 
maximum monuent. 

ÍV tmi. iVl. 

2 ìo . = 12 

ïo , = (> kN/m 
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Problem 549 

A beam with cross-section shown in Fig. P-549 is loaded in such a way that the 
maximum moments are +1.0P lb-ft and -1.5P lb-ft, where P is the applied load in 
pounds. Determine the maximum safe value of P if the working stresses are 4 ksi in 
tension and 10 ksi in compression. 



I HA = L9Z in' 1 

Fignne P-549 


- N.A. 


Solution 549 


At M = +1.0P Ib-ft the upper fíber is iii compression 
while tlie lower fiber is in tensioix 
Aí = A£ 

M = 

V 

Fd’ fibeïs in compression (upper fiber): 

, f _ 10 (192) (1000) 

2.5 

l.OP = 76S 000 lb-irL 
1.0P = 64 000 lb-ft 
P = 6 4 000 lb 

For fibers in tension (lower fiber): 

= 4(192) (1000) 

4 

1.0P = 192 000 lbin 
1.0P = 16 000 lb-ft 
P = 16 000 lb 


At M = -1.5P lb-ft, tlie upper fibei’ is in tension while 
the lower fibei’ is in compression. 

M = IvL 



y 
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For fibeis in compression (lower fiber); 
? _ 10 (192) (1000) 

4 

1.5P = 430 000 lb iTL 
L5P = 40 000 lb-ft 
P = 26 666.67 lb 

Foi’ fibeis in tension (npper fiber): 
v = 4(192)(1000) 

2.5 

1.5P = 307 200 lbin 
1.5P = 25 600 lb-ft 
P = 17 066.67 lb 


Tïie safe load P = 16 000 Ib 


Problem 550 

Resolve Prob. 549 if the maximum moments are +2.5P lb-ft and -5.0P lb-ft. 

Solution 550 


AtM = +2.5P 

,, f = 10(192)q000} 
2.5 

2.5P = 763 000 lb in 
2.5P = 64 000 lb-ft 
P = 25 600 lb 

M _ 4(192) (1000) 

2.5P = 192 000 Ibm 
2.5P = 16 000 lb-ft 
P = 6400 Ib 

At M = — 5 .OP lb-ft 

H _ 10(192H1000) 

5.0P = 4S0 000 lb iii 
5.0P = 40 000 lb-ft 
P = 8000 Ib 


-> npper fibei 


-> lower fibei' 


-> lower fibei' 


M 4(192)0000) 
2.5 

5.0P = 307 200 ll>m 
5.0P = 25 600 lb-ft 
P = 5120 Ib 


-> itpper fibei 


Use P = 5120 lb 


http://librosysolucionarios.net 



Problem 551 

Find the maximum tensile and compressive flexure stresses for the cantilever beam 
shown in Fig. P-551. 


4 kN/m 

'■ 

LLl 

r y_x_ 

V Y 'Ljf 'Lì* 'i 3 


! 1 ■ 

i 6 m 

H 


LO kH 


Figure P-551 


I 1 



Z- 


PJ.A. 


* 


130 mm 


200 mm 




Iw. = 100 X 10‘ mrn' 


Solution 551 



12.5 kN m 



-12 kW.m 


M = 4(6) (3) - 10(6) 
= 12 lcN-m 

R = 4(6) - 10 
= 14kN 

X _ ò-x 
ÏÔ 14 
14* = 60 - 10* 

* = 2.5 m 


fi = 


My 

I 


At Aí= +12.5 kNm 

- = 12. 5 (130) ( 1000 2 ) 

IOOïíIO 6 

= 16.25 MPa -> tipper fibei 

. = 12.5 ( 200 ) gooo 2 ) 

100 x 10* 

■ 25 MPa -> lower fiber 


At M = -12 kN-m 

. = 12 ( 200 )( 1000 2 ) 

100 x 10* 

= 24 AlPa -> lower fiber 
. _ 12(130)(1000 : ) 

100 xlO 6 

= 15.6 MPa -> upper íiber 

Maxcmum flextue stiesses; 

f tc = 24 MPa at tlie fixed end 

f\ = 25 MP.i at 2.5 m from ttie fiee end 
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Problem 552 

A cantilever beam carries the force and couple shovvn in Fig. P-552. Determine the 
maximum tensile and compressive bending stresses developed in the beam. 



6 ìn 

mÊ?mïì lm 

h* = 90 in 1 


Solution 552 




R = 5 kip 
M = 5(8) -30 
= 10 kip-ft 

I 

At M = +10 kip ft ot moment cliflgram 

r _ 10(6)(12) 

- - 

= S ksi 
= 2.67 ksi 


-> uppei' fiber 


A lower fìber 


AtM = -20 kip ft of moment cliagi’anì 

r _ 20(2) (12) 

thc 

90 

= 5.33 ksi -> lower fiber 

_ 20 ( 6 ) ( 12 ) 

Jíi~ — 

90 

= 16 ksi -> upper fibei 

Maximum bending sti’esses: 

ftc = & ksi 

fr' = 16 k?i 
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Problem 553 


Determine the maximum tensile and compressive bending stresses developed in the 
beam as shown in Fig. P-553. 


1500 Ib 


Solution 553 



INA 



□ H 


2.5 in 


8.0 in 


1„ A = 96.0 irí 1 


15Ri + 4500 = 1500(9) 
Jïi = 600 lb 

EM»-0 

15Ha = 1500(6) + 4500 
Rz = 900 lb 


_ M y 


AiM = +3600 lbft 
, _ 3600(2,5) (12) 

,'r.c 


9 6.0 

1125 psi -> ttpper fibet 


3600(S,0)(12) 

= 3600 psi -> lowei f iber 


At M = —1800 lbft 
, _ 1S00(S.0)(12) 

^ 5^5 — 

= 1S0O psi -> lower fiber 
, _ 1SOO(2.5)(12) 

A 9&Ô 

= 562.3 psi ttpper fíb er 

Maxmraim flexure stresses 
f bc = 1800 psi 
= 3000 psi 
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Problem 554 

Determine the maximum tensile and compressive stresses developed in the 
overhanging beam shown in Fig. P-554. The cross-section is an inverted T with the 
given properties. 


16G0 Ib 

I 

' 

[ — JÏ 

I 3 ft 


Rl 


400C lb 

I 




Fîgiiire P-554 



7 in 


2 in 


Solution 554 


ÏMm = 0 

12fii = 1600(15) + 4000(6) 
Ri = 4000 lb 


m 2 + 1600(3) = 4000(6) 
R z = 1600 lb 


1600 b 


4000 ?b 


1 


1 6 rt 

L 6ft J 


Load 

Diagram 


Rj = 4000 lb Ri = 1600 lb 

ì 2400 lb I 


-1600 Ib 


-1600 Ib 



Shear 

Diagram 


Moment 

Diagram 


Â = 


My 

I 


At M = -4800 lb-ft 
. _ 4800(2X12) 

84 

= 1371,43 psi -> lower fiber 
, _ 4800(7)(12) 

fit - — 

84 

= 4800 psi -> ttpper fiber 


At M = -9600 lb-ft 
_ 9600(7)(12) 

S4 

= 9600 psi -> ttpper fiber 


. _ 9600(2) (12) 

* 8i — 

= 2742,86 psi -> lower fibet 


Maximtiin flextne stress: 
ft c = 9600 psi 
fa = 4800 psi 
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Problem 555 

A beam carries a concentrated load W and a total uniformly distributed load of 4W as 
shown in Fig. P-555. What safe value of W can be applied if f bc < 100 MPa and f bt < 60 
MPa? Can a greater load be applied if the section is inverted? Explain. 



N.A. 


I---Í' 


75 mm 


1Z5 mm 


I hJ , = 24 x 10 ú mm" 1 
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Solution 555 




[ ZMf. 2 = o ] 4Ri = 6VV + 4W(2) 
Rl = 3.5W 

[ EMm = 0 ] 4R; + 2 W= 4W(2) 

R 2 = 1.5W 

x _ 4-x 
2.5W 1.5W 

1 5Wx = 10W 2.51'Vx 
i = 2.5 m 

A I 
At M = — 2W 

Foí lower fiber, f K < 100 MPa 
10C _ 2W(125}(1000) 

24x10* 

W= 9600N 

For tipper fiber, fu < 60 MPa 
ÚQ _ 2W(75)(1QOO) 

24xl0 6 
W = 9600 N 


At M = 1.125W 

For tipper fiber, < 100 MPa 
10C _ 1.125W(75)(1000) 
24 x 10 6 

W= 2S,444.44 N 
For lower fiber, f e t < 60 MPa 
1.125W( 125) (1000) 
24x10* 

W= 10,240 N 


For safe load W, use W= 9G00 N 


Diacussion: 

At W = 9600 N, tite allowable fi in teitsion and 
compression are reached simultaneously wheit M = 
-2W This is tlte sante eveit if tlie section is inverted. 
TLterefore, ito load can be applied greater tttan W = 
9600 N, 
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Problem 556 

A T beam supports the three concentrated loads shovvn in Fig. P-556. Prove that the NA 
is 3.5 in. above the bottom and that I NA = 97.0 in 4 . Then use these values to determine 
the maximum value of P so that f bt < 4 ksi and f bc < 10 ksi. 


P 3P P 



1 in 

M 



I* — 4 ìn 1 J 


Solution 556 


4 h 


9 in 


— 


WMm 

wM 

K / // / 


I 


1 ìn 

1.5 in [**{ 1.5 in 




m 






m 



W/ 



W/ 










í 


w 





1 ir 

1.5 inM 1.5 in 

1 ïn r 


1 ìn 




Al = 9(4) = 36 in 2 
Ai = 9(1,5) (2) = 27 in? 

Aa = 1(1,5)(2) = 3 in 2 
A = Al - A z + A 3 
= 36-27 + 3 
= 12 iií 

A ŷ = XA,i/ 

12 ŷ = 36(4.5) - 27(4.5) + 3(0.5) 
ŷ = 3.5 in (ck!) 
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j _ 4 ( 9 3 ) ^ 1 . 5 ( 9 3 ) _ ^ 1 . 5 ( 1 3 ) 

i.v _ ■ _ ■ 

3 3 3 

L = 244 iïi 4 


By ti’aiisfer fomittla foi moment of inertia: 
L = Íxa + AíÍ- 
244 = I MA + 12(3.5)- 
J NA = 97 in* (ok!) 


P 3P P 


1 

1 

r i 



J 

>1 

Rj = 

6ft 1 
2.SP 

6 ft 

Ri = 

4 ft 1 

2.5P 



By symmetry: 

Ri = R 2 = 2.5P 


h = 


My 


At M = -4P Ib-ft 

Lowei fiber is in coinpressioii: 
_ 4P (3.5) (12) 


10,000 ; 


97 


P = 5773.81 lb 
Upper fiber is in tension: 

' 4000=Ì P í 9 - 3 ' 5 ^ 


97 


P = 1469.7 lb 


At M = 5P Ib-ft 

Lower fibei’ is in tension: 

4000= 

97 

P = 2309.52 lb 

Upper fiber is in compression 

‘ 10,000 = 

97 

P = 3674.24 lb 


Fcr safe valne of P, ttse P = 14&9.7 lb 
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Problem 557 

A cast-iron beam 10 m long and supported as shovvn in Fig. P-557 carries a uniformly 
distributed load of intensity wo (including its own weight). The allowable stresses are f bt 
< 20 MPa and f bc ^ 80 MPa. Determine the maximum safe value of wo if x = 1.0 m. 


to m *1 


r 


r 

JLi, 

r 

rjfrjr 

n 

n 

JL Lr* 


m i 


L K 


Ri Rï 



Iha = 36 * 10^ mm H 


fignre P-557 and P 558 


Solution 557 


10 m 



By symmetry: 

R l = S 2 = | (lto D ) 

= SOfr, 





At M = -0.5 uí„ x 2 N-m 
wheit ï = 1 m, M = — 0.5;í>, N-m 

Foi fibei’ iii compression (lowei) 
o 0 _ 0.5a» o (50)(1000) 

36x 10 c 

w c = 115 200 N/m 
w c - 115.2 kN/m 
Foi fiber iii tension (upper) 

2Q= 0.5^(130) (1000) 
36x10“ 

w c = SO00 N/m 
îíí, = S kN/m 

At xM = -O.Sït’i, .r 2 + 0.5îtíj(5 - x) 2 N-ni 
when i = lm,M = 7.5w e N-m 

Foi fiber in compression (upper) 
on _ 7.5tii;(lS0)(10Q0) 

36xl0 é 
w c = 2133.33 N/ m 
w c = 2.13 kN/m 


For fibei in tesnion (lowei’) 
nQ _ 7.5^ (50) (1000) 
36x10° 

w D = 1920 N/m 
= 1.92 kN/m 

Foi safe load w ct use w c . = 1.92 kN/m 
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Problem 558 


In Prob. 557, find the values of x and w 0 so that w 0 is a maximum. 

Solution 558 

Fioni Solntion 557, tension governs at boái positive 
and ìiegAtive maxmuim moments. 

At M = -0.5 îd„ï 2 Nm: 

nQ= □.5w g Jû 2 (180)(1000) 

36x10* 
iv, = SOOO/jc 2 

At M = -O.Sa’i, x 2 + 0.5w o (5 - jt) 2 Nnu 

_ [-0.5ayi- 2 + 0.5a? a (5 ■ - x) 2 3(50)(1000) 
36x10* 

14 400 = -0.5hj o x 2 + 0.5îu a (5 - x) 2 
28 S00 = -iv, x 2 + îf D (5 - jï) 1 
28 S00 = -ïv, x- + h?,( 25 - lOx + x 2 ) 

28 SOO = -iv, x- + (25 - 10x)a>„ + x 2 
23 800 = (25 - 10x)w a 
28 800 = (25 - 10x)(8 000/x-) 

(28 SOOx 2 / SO00) = 25 - 10x 
^x 2 = 25-10x 

18x z = 125 - 5 Û.t 

18x z + 50x - 125 = 0 

x = 1.59 m and -4.37 (meaningless) 

Ttse x = 1.59 m 

zv, = S000 / 1.59= 
iv, = 3164.43 N/m 
a!„ = 3,16 kN/m 
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